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S. G. Badrinath 
Sangit Chatterjee 
Northeastern University 

On Measuring Skewness and 
Elongation in Common Stock 
Return Distributions: The Case 
of the Market Index* 

I. Introduction 

The nature of the distribution of common stock 
returns has attracted the attention of numerous 
researchers in finance over the past 2 decades. 
Theoretical models of pricing risky assets and 
contingent claims are based on critical assump- 
tions regarding the nature of the underlying dis- 
tribution of stock returns. Statistical inference 
typical to the empirical finance literature also re- 
lies heavily on distributional assumptions. For 
these reasons, security returns have traditionally 
been characterized as multivariate normal (Gaus- 
sian) distributions. Fama (1965), however, re- 
ported that daily returns of stocks on the Dow 
Jones Industrial Average (DJIA) display more 
kurtosis than permitted under the normality hy- 
pothesis. 

Three competing hypotheses have subse- 
quently been advocated to explain this observed 
tail behavior of security returns. The work of 
Mandelbrot (1963) and Fama (1965) assumes a 
general class of stable symmetric (stable Pare- 
tian) distributions for stock returns. This distri- 
bution has an infinite variance and exhibits fat 

This article is an ex- 
ploratory investigation 
of the distributional 
properties of market 
index returns using 
Tukey's g and h distri- 
butions (Tukey 1977; 
Hoaglin 1983). Specifi- 
cally, it is shown that 
over sufficiently long 
periods of time, the 
distribution of the mar- 
ket index is adequately 
explained as a skewed, 
elongated (g x h) dis- 
tribution. Estimates of 
skewness and elonga- 
tion are developed that 
are easy to calculate 
and are robust with re- 
spect to outliers. Func- 
tional forms for the ap- 
propriate distributions 
are provided. The 
findings reported here 
have implications for 
understanding skew- 
ness and elongation, 
developing appropriate 
portfolio strategies, and 
devising pricing models 
incorporating higher 
moments. 
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tails for values of the characteristic exponent c < 2. The normal distri- 
bution is a special case when at = 1, and the Cauchy distribution 
results for at = 2. Except for these special cases, the density function 
for the stable Paretian is not known, thereby making its implementa- 
tion very difficult in practice. Moreover, empirical studies that model 
stock returns as stable Paretian distributions (Officer 1972; Blattberg 
and Gonedes 1974; and Hsu, Miller, and Wichern 1974) report that the 
characteristic exponent is also not constant over time. 

The second hypothesis speculates that the empirical distribution of 
security returns be modeled as a continuous mixture of underlying 
Gaussian distributions where the variance of the distribution is itself a 
random variable. Praetz (1972) and Blattberg and Gonedes (1974) use 
the fact that, if the variance follows an inverted Gamma distribution, 
then the resulting posterior distribution of returns is the Student t. 
Using daily returns data for each of the 30 stocks in the DRIA, they 
show that the Student-t model provides a better fit than the stable 
Paretian. Fielitz and Rozelle (1983) also consider mixtures of Gaussian 
distributions to represent stock returns possessing different variances 
and means. Their conclusions, although favorable to the mixtures hy- 
pothesis, are somewhat guarded. 

The third hypothesis postulates that the returns distribution be mod- 
eled as a discrete mixture of Gaussian distributions (Kon 1984). Kon 
concludes that this model has more descriptive validity than the Stu- 
dent-t model of Blattberg and Gonedes (1974). Estimation and hy- 
pothesis testing under his model is much more complicated since one 
must estimate both the number of distributions in the mixture as well as 
the parameters of the distributions themselves. Such an analysis is 
extremely computer intensive, and the results are difficult to use in 
subsequent decision making. For instance, Kon (1984) concludes that, 
for the sample of 30 DRIA stocks, seven can be described by a mixture 
of four Gaussians, 11 others as mixtures of three Gaussians, and the 
remaining 12 by mixtures of two Gaussians. Moreover, computer costs 
limit the number of mixtures that can be considered for each security. 
While the description of the distributions seems to improve over the 
Student t, there is no additional insight into prevalent patterns of 
skewness and kurtosis that individuals may use in making their invest- 
ment decisions. 

More recently, Bookstaber and McDonald (1987) use a generalized 
beta distribution of the second kind (GB2) to study individual stock 
returns. The GB2 distribution, like the g, h, and (g x h) distributions, 
also admits a large number of distributions as special cases. The prop- 
erties of the two distributions are very similar in that they are both 
closed under addition and multiplication, but the g, h, and (g x h) 
family enjoys more computational and conceptual simplicity. Book- 
staber and McDonald (1987) report moderate success in their effort to 
model stock returns distributions. 
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While the primary concern of these studies has been to accurately 
describe the distribution of stock returns, a second group of more 
applied researchers have directly addressed the issue of skewness pref- 
erence and its impact on portfolio choice. Simkowitz and Beedles 
(1978) contend that, if some degree of skewness does persist in individ- 
ual returns, then investors who prefer positive skewness can tailor 
their portfolios accordingly. More recently, Singleton and Wingender 
(1986) find that, while the magnitude of skewness is quite large in 
individual stock returns, past skewness is not a good predictor of fu- 
ture skewness and that investors cannot, therefore, accurately select 
skewed portfolios. However, in attempting to resolve these issues, 
researchers have uniformly relied on classical measures of skewness 
that provide only single scalar representations of the shape patterns 
present in return distributions. The analysis presented below is su- 
perior in that it permits a much more careful examination of skewness 
and skewness-induced elongation (kurtosis) than previously possible. 
One can more clearly comprehend the patterns of skewness present in 
individual stocks or portfolios of different sizes and make portfolio 
decisions accordingly. 

The contributions of this article are twofold. First, it provides a 
much simpler alternative means of describing distributions of stock 
returns, and, second, it permits individuals to study skewness and 
kurtosis more carefully before making their portfolio selection deci- 
sions. To this end, some recent work in exploring distributional shape 
(Tukey 1977) is applied to model common stock return distributions. 
The article is complemented generously with data analysis. As used in 
the article, data analysis implies a modeling philosophy (Tukey 1977) 
where (i) the behavior of the data is used to guide its analysis; (ii) the 
importance of displays and the value of graphs force the analyst to 
view what is actually present in the data; (iii) the importance of looking 
at and drawing inferences from residuals is paramount; and (iv) alterna- 
tive fits that suit the data may be entertained. The purpose is thus to let 
the data tell the whole story and to downplay the role of a point esti- 
mate. 

In Section II, simple and intuitive methods suggested by Tukey 
(1977) to examine both skewness and elongation are reviewed. These 
methods have the ability to provide a description of shape characteris- 
tics that are somewhat superior to classical moment measures. This is 
so because these estimates are robust with respect to outliers in the 
data, and a large amount of flexibility is allowed in modeling the distri- 
butional shape. 1 Thus a fitted distribution can be allowed to have differ- 

1. It is well known that estimates of higher order moments are very nonrobust. Esti- 
mates of kurtosis, skewness, variance, and mean are increasingly robust with respect to 
outliers in that order. 
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ent levels of kurtosis in the two tails. The distribution functions em- 
ployed are the g, h, and (g x h) distributions proposed by Tukey. 
These distributions provide a more general and comprehensive frame- 
work than previous research as they subsume the lognormal (to investi- 
gate skewness) and the stable Pareto family (which has been used to 
investigate fat tails) as special cases. In addition, shape characteristics 
of the data can be studied qualitatively (graphically) using simple func- 
tions of order statistics. Further, the methods are considerably easier 
to apply than existing methods to describe such distributions. For in- 
stance, most of our calculations were performed using a spread sheet. 
Finally, the g, h, and (g x h) distributions provide an explicit relation- 
ship to a standard Gaussian random variable. 

The rest of the article is as follows. Section III discusses and applies 
the methodology to sample data. In this section, daily returns on the 
Center for Research in Security Prices (CRSP) value-weighted market 
index portfolio are analyzed for the period 1962-85. Section IV pre- 
sents the resulting fits from different distributional assumptions and 
examines the quality of the fitted models. Similar analysis on the CRSP 
equal-weighted index and on the corresponding monthly indexes is 
presented in Section V. The article concludes with an attempt to inte- 
grate the new methodology with existing models and suggests direc- 
tions for further research. 

II. The g and h Distributions3 

A. The g Distribution 
The g distribution (Hoaglin 1983; Martinez and Iglewicz 1984) given by 
equation (1) is a nonlinear transform of a standard Gaussian random 
variable Z and is parameterized by g, which measures the skewness of 
the distribution:4 

Yg(Z) = [exp(gZ) - 1]Ig. (1) 

2. The g and h distributions have been used in simulations for studying distributions of 
various shapes that are characterized by a small number of parameters. Hoaglin (1983) 
uses the g and h distribution to analyze data from a housing allowance demand ex- 
periment. 

3. This section introduces very briefly the g and h distributions and their estimation. It 
is provided here to make the article readable and continuous. Hoaglin (1983) serves as an 
excellent reference. Similar approaches for representing a given frequency function as a 
series of derivatives of the Gaussian, due to Bruns, Charlier, Edgeworth, and Gram, are 
reviewed in detail in Kendall and Stuart (1969). However, the g distribution is much 
simpler to handle both computationally and conceptually. 

4. Following (1) it is easily seen that 

yg(Z) z + gZ212! + g2Z313! + 

For g = 0, Yg(z) reduces to the standard Gaussian probability density function. 



Skewness and Elongation 455 

Here Y represents the transformed variable. A linear transformation of 
Yg(Z) given by equation (2) accounts for the location (mean) and scale 
(variance) of the distribution: 

X=A +BYg(Z), (2) 

where X is the transformed variable and A and B are location and scale 
parameters. 

For estimation purposes, the most natural estimate of g is to obtain 
the maximum likelihood estimate (MLE). However, the MLE compu- 
tations turn out to be quite complex and against the spirit of simple and 
easy-to-compute nonparametric estimates. This approach is preferred 
over the method-of-moments approach, though closed-form solutions 
exist for the latter. Thus we follow the approach suggested by Tukey: 
let xp and zp represent pth percentiles of the random variable X and 
a standard normal random variable Z. Rewriting (2) for the pth and 
(1 - p)th percentiles, respectively: 

xp = A + Big[exp(gzp) - 1], (3a) 

and 

X(lJp) = A + B/g{exp[gz(lp)] - 1}. (3b) 

Since zp = Z-_p), we have 

x(l-p) = A + Blg[exp(-gzp) - 1], (4a) 

and 

X.5= A + Blg[exp(g . 0) - 1] =A. (4b) 

Substituting the value of A in (3a) and (3b) and eliminating B yields an 
estimate of g, given by equation (5): 

gp = (- llzp) ln{[x(l _p) - x.5]I(x.5 - xp)}. (5) 

By using selected values of p, multiple estimates of g may be obtained 
from (5). The reason for calculating the value gp for each percentile p is 
to obtain a summary of how skewness changes across the sample and 
for informative plots. If appropriate, the median of the gp estimates can 
be used as an overall g value. Moreover, the variation in the estimates 
of the gp's provides information on the stability of the median estimate 
of g. 

While the median of these estimates may provide a good estimate in 
some cases, the power of the methodology stems from being able to 
focus closely on different percentiles of the distribution. Important 
percentiles are the median, quartiles, eighths, and so forth. These are 
called the letter values (Tukey 1977) and are denoted by M (median), F 
(fourths), E (eighths). Correspondingly, letter values for tail areas of 
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1/16, 1/32, 1/64, 1/128, 1/256,... are D, C, B, A, Z ..... The average 
of the two letter values (upper and lower) is called the mid-summary 
(mid-p). For the pth percentile, the mid-summary is given by mid-p = 
(1/2) [xp + X(l -p)], where xp denotes the pth percentile of the random 
variable X. The distance between upper and lower values for any letter 
value [xp - x(l _p)] is called the letter spread. The positive distance 
between the median and any letter value is called the half-spread. The 
lower half-spread is (x.5 - xp) and the upper half-spread is [x(l _p) - 
X.5] . 

B. The h Distribution 

Similarly, if h is a measure of elongation, then the h distribution is 
given by6 

X = A + B Yh(Z) (6) 

= A + BZexp(hZ2/2). 

To estimate h without the presence of skewness, rewrite (6) for the pth 
and (1 - p)th percentiles of X as 

xp = A + B zp exp(hzp/2), (7a) 

x(1 _p) = A + B Z(1 _p) exp [hzl _ p)/2]. (7b) 

Since zp = -z(j p), subtracting (7a) from (7b) and rearranging gives 

[xp - x(l-p)]/2zp = B exp(hzp/2). (8) 

The numerator on the left-hand side of (8) measures the distance 
between the pth and the (1 - p)th percentile (the letter spread) of the 
random variable X, while the denominator measures the corresponding 
distance (letter spread) for a unit normal random variable. This ratio of 
a letter spread to its Gaussian value is called the pseudosigma (p- 
sigma). Pseudosigmas thus measure the extent to which a distribution 
is more elongated than the Gaussian. A value for the p-sigma greater 
than one implies a distribution with thicker tails relative to the normal 
distribution. From (8), a plot of ln(p-sigma) against zp/2 should be a 
straight line. A numerical estimate of h is obtained by regressing ln(p- 
sigma) against zp/2 for selected percentiles. The intercept (ln B) can be 
used to obtain a good estimate for the constant B in (6). As before, the 
median of X provides a good estimate for the constant A. 

5. Letter values provide the convenience of extracting observations at simple depths 
from the ordered sample. The depth of an observation is its position in the ordered 
sample relative to the nearest end. Thus starting with median (M), quantiles (F for 
fourths), 1/8 (E for eighths), the letter values progressively go backwards, D, C, B, A, Z, 
Y, X, . . ., halving the tail areas for each step. 

6. For h = 0 in (6), X is a Gaussian random variable with no elongation. For positive 
values of h, heavy tailed distributions result. 
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C. The (g x h) Distribution 
When skewness and elongation are jointly considered, the (g x h) 
-distribution is obtained by multiplying the respective g and h distribu- 
tions :7 

X = A + B Ygh(Z) 

= A + B{(llg)[exp(gZ) - 1]} exp(hZ2/2). 

Because of the multiplicative relationship of Yg,h(Z), the estimate of g 
is again given by (5). To estimate h in the presence of g, rewrite (9) for 
the pth and (1 - p)th percentiles as 

xp= A + (Big)[exp(gzp - I)]I[exp(hz2/2)], (1Oa) 

X(lp) = A + 
(BIg).{exp[gz(l-p) 

- 1]}{exp[hz2l p)/2]}. (lob) 

Since z(l p) = zp, the letter spread can be calculated as 

Xp - x(l-p) = (B/g)[exp(hz2/2)]{exp(gzp) - exp(-gzp)}. (11) 

Because g has already been estimated, (.11) can be rewritten as 

.[x(,-p) - xp]I[exp(-gzp) - 1] = B[exp(hz2)/2]. (12) 

The term on the left-hand side 'is denoted as FHSp (the corrected full 
spread) and serves as a substitute for the p-sigma of Section IIB. 
Notice that the p-sigma is no longer appropriate since one is now 
-measuring elongation after skewness has already been incorporated. 
However, analogous to Section IIB, a plot of ln(FHS*) against z2/2 
provides useful diagnostics. The intercept of the corresponding regres- 
sion is an estimate of ln(B), while the slope provides a measure of h in 
.the presence of g.8 

III. Results and Discussion 

Most studies of return distributions are confined to randomly selected 
samples of individual stocks. In this article, we investigate the implica- 
tions for distributions of returns on more aggregate portfolios-those 
that are commonly used in the finance literature as embodying the 
concept. of a "market." The choice of market portfolio returns is mo- 

7. Note that in (9), Yg,O(Z) = Yg(Z), Yo,h(Z) = Yh(Z), and Yo,o(Z) = Z. 
8. In addition to calculating the full letter spread, lower and upper half-spreads (LHS* 

and UHS*) can also be calculated from (1Oa) and (lOb) as 

LHS* = g(X.5 - Xp)lll - exp(-gzp)] = B[exp(hzp2)/2], 
UHS* = g[x(,-p) - x.5j/[exp(-gzp) - 1] = Bexp(hzp2)/2. 

Since data in real life may not conform to simple laws, all the three measures may need 
to be examined in order to appreciate the full complexity embedded in common stock 
return distributions. 



458 Journal of Business 

tivated by a desire to demonstrate the power of the exploratory data 
analysis techniques for detecting patterns despite such a high level of 
aggregation. Similar procedures may be adapted for studying individ- 
ual stock returns. Specifically, both daily and monthly returns on the 
CRSP equal-weighted and value-weighted market portfolios are con- 
sidered. We used 5,903 daily returns covering the period July 1962- 
December 1985 in the analysis. Monthly data (282 months) cover the 
same period. For expositional purposes, the article concentrates on 
the daily CRSP value-weighted index portfolio (DVW). A discussion of 
the distributional characteristics of other measures of market returns is 
presented in Section V. 

Thus, for DVW, classical measures of skewness and kurtosis are 
computed for the full period. A standardized skewness value of 0.198 
suggests some positive skewness, while the standardized kurtosis 
value of 5.78 indicates definite kurtosis. Fama (1976) discusses the 
studentized range (SR) and suggests its use in testing the Gaussian 
assumption. The 99.5th percentile of the sampling distribution of SR 
corresponds to a value of 8, and the calculated SR for the sample is 
11.76, suggesting non-Gaussianity. These classical measures however 
do not reveal anything more about the behavior of skewness and kur- 
tosis across the different tails of the distribution. It is also not possible 
to isolate any patterns from sample data using only one measure, and it 
is quite conceivable that a more detailed examination of the sample 
observations reveals patterns that are hidden from a cursory glance at 
standardized skewness and kurtosis. To this end, the next two sections 
present a graphical representation of the distributional characteristics 
that can be inferred from the data. 

A. Skewness 

Table 1 presents the various quantities calculated from the data and 
used in subsequent analysis. Sample lower and upper letter values are 
presented in the first two columns. A plot (fig. 1) of the sample upper 
letter values against the lower letter values gives a value of - 1.4 for 
the slope. A corresponding plot for a symmetric (Gaussian) distribution 
would form a line with a slope of - 1 since this would imply that the 
letter values are equidistant from the median.9 Figure 1 thus reveals 
substantial departure from normality as the letter values get smaller 
(i.e., as one gets further into the tails). Further, a line fitted using only 
the last seven (extreme) upper and lower letter values has a slope of 

9. For the pth percentile, if data are equidistant from the median (M), then we must 
have x(l p) - M = M - xp. The relationship between the upper letter value x(l p) and 
the lower letter value xp is thus 

x(1 p) = 2M - xp. 

This line has a slope of -1, an intercept of 2M, and is plotted in figure 1. 
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SKEWNESS COMPARISON (UPPER-LOWER PLOT) 
6 - 

5- 

CC4 

D 

v : 

0 - I I I I I-I I 

-4 -3 -2 -1 0 

LOWER LETTER VALUES 

FIG. 1.-The straight line with a slope of - 1 represents the Gaussian case 
where lower and upper letter values are equidistant from the median. For the 
data, the plot indicates that such a fit is appropriate only for abs(z) < 2.15. 

- 1.76, implying extreme nonnormality. As corroborating evidence, 
figure 2 presents a plot of the Gaussian letter values versus the sample 
letter values. As the plot indicates, the data fit a straight line for abs(z) 
< 2.0. Beyond + 2 and -2, the slope of the line becomes steeper at 
both tails, with the upper tail being steeper than the lower tail. This 
suggests skewness at both tails-with the upper tail being more 
skewed than the lower.'0 Of course, what we are calling skewness here 
may very well be confounded with kurtosis (elongation), which we 
discuss in detail later. Perhaps a better description of the distribution is 
that it is "skewed" with "wide shoulders." 

In order to capture the extent of skewness, g values are estimated for 
different letter values. These g values are calculated according to (5) 
and are presented in table 1. Constant values for g across various letter 
values are usually found in distributions with simple patterns of 
skewness such as the lognormal distribution. For the sample, the 
values of g increase systematically as we go further out into the tails, 

10. The Gaussian density fits the middle well. This is not surprising since it is a well- 
established fact that in the middle most distributions are Gaussian in character. This is 
known as Winsor's principle (Mosteller and Tukey 1977, p. 12). 
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SKEWNESS COMPARISON (LETTER VALUE PLOT) 
6 - 

-4 
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FIG. 2.-If the data fit the Gaussian distribution, a 450 line through the origin 
is expected. Clearly, the middle of the distribution is very Gaussian while the 
tails are not. 

suggesting that the pattern of skewness in the distribution is not simple. 
Nevertheless, as a first approximation, the median g value of 0.037 is 
used, and the fitted quantities f'p are calculated from (1). Sample letter 
values, Xp are obtained from table 1, and an Xpversus Y1? (Q-Q) plot 
with median g is presented in figure 3*11 A straight line in this plot 
would indicate symmetry. While the plot does resemble a straight line 
in the center, there is considerable curvature away from the middle 
toward both tails. This suggests not only skewness but the presence of 
elongation as well. 

11. A method to graphically assess the fit of a distribution is the quantile-quantile (Q- 
Q) plot. A plot of data quantiles (vertical axis) against the quantiles of the fitted g 
distribution (horizontal axis) reveals much more than a single number. Having estimated 
g from (5) for a given percentile, choose the median value calculated from several 
percentiles. Call this median value g(M). Several quantiles of Yg(z) are calculated based 
on g(M). The plot should be a straight line with a slope of B and an intercept of A. Any 
serious departure from a straight line should cast serious doubt on the fitted value of g. 
For actual data, the estimated values of g may not nearly be constant across all percen- 
tiles. For this purpose, it may be possible to express g as a function of zP. Slope and 
intercept coefficients go and g2 can be estimated from a regression of gp on zp. 
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QUANTILE - QUANTILE PLOT (G = 037) 
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FIG. 3.-A straight line fit is expected for a well-fitted distribution. The 
upper and lower tails show substantial departure from a distribution with g- 
.037. 

B. Elongation 

Just as skewness is judged in terms of departures from symmetry, 
elongation also requires a benchmark (neutral elongation) against 
which comparisons can be made. For symmetric distributions, once 
again the standard Gaussian distribution is used as a benchmark. A 
constant value for the p-sigma across different percentiles would imply 
neutral elongation. A systematic increase in the p-sigmas is indicative 
of greater elongation. Table I shows that the calculated p-sigmas do 
increase systematically across different percentiles. To measure the 
extent of elongation detected in the sample, the relationship between 
ln(p-sigma) and ar2 (eq. [8]) is examined. A regression yields an esti- 
mated value of 0.09 for the slope (h value). A plot (isg. 4) of these two 
variables fails to show a straight line, thereby making this value of 
elongation untrustworthy. 12 The next section describes a method of 
examining the elongation in the tails more closely. 

C. Pushback Analysis 
In the consideration of skewness, departures from symmetry must 
necessarily be studied by comparing the two halves of the distribution. 

12. For nonsymmetric distributions, h values need not be equal across percentiles. 
More complex specifications of hp as a function of zp are possible. 
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MEASURING ELONGATION 
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FIG. 4.-For a constant h, a straight line can be expected with the slope 
providing an estimate of h. The plot shows that a constant h is inappropriate. A 
least squares fit for these points (not shown) indicates systematic residuals, 
confirming the notion of a nonconstant h. 

No such constraints are present, however, when studying elongation. 
Pushback analysis is a method that permits the examination of the two 
tails of a distribution separately (Tukey 1977). The two tails of the 
distribution may have different elongation or identical elongation. Of- 
ten, skewness may merely reflect the fact that the halves have the same 
shape but differ substantially in scale. To study such behavior, the 
sample letter values are "flattened" by subtracting an appropriately 
scaled overall Gaussian shape. If the sample is Gaussian, the resulting 
"flattened" letter values will be constant. Deviations from a straight 
line will reveal the exact nature of the elongation present in the tails of 
the distribution. Tukey (1977) suggests that the appropriate scale cor- 
rection be done using the median p-sigma (s). Each letter value xp is 
therefore adjusted by szp, and figure 5 plots the resulting "pushed- 
back" letter values against the corresponding Gaussian letter values. 

This plot reveals that while the lower tail is close to a horizontal line, 
the upper half of the distribution is considerably more elongated. In 
this region the data fit a straight line as well, and it is possible to learn 
more about the upper tail by fitting a line to the last seven upper-tail 
values. This line has an additional slope of .0104. The straight line 
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FIG. 5. -Plot of data letter values xp and the pushback letter values. Clearly, 
the upper tail has a higher slope than the lower, implying greater elongation in 
that tail. 

behavior of the upper tail suggests that it is also Gaussian with perhaps 
a different scale than the lower tail. A ratio of the slopes of the two 
straight lines reveals that the upper tail is twice the scale of the lower 
tail. Pushback analysis thus suggests that different estimates for elon- 
gation in the two tails may provide a more adequate description of the 
return distribution. However, elongation must be considered in con- 
junction with skewness, and this is done in the next section. 

D. Joint Skewness and Elongation 

It must be remembered that, in the above representation of elongation, 
an implicit assumption of symmetry was made. Since the results in the 
previous section indicated considerable elongation, and since skewness 
may induce elongation, a joint assessment is necessary. For this pur- 
pose, the same median value of g = 0.037 is used to summarize skew- 
ness, and any extra tail heaviness is attributed to elongation.13 The p- 
sigma is now an inappropriate measure of elongation. Therefore, the 

13. For symmetric distributions, "neutral" elongation refers to the Gaussian distribu- 
tion. For the joint estimation in this section, as elongation is measured only after a 
median g value of 0.037 captures skewness, the elongation in g distributions (g = 0.037) 
now define the "neutral" amount. 
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corrected (for skewness) full spread (FHS*) is calculated using equa- 
tion (12). Analogous to the development in Section IIIB, the slope 
coefficient in the regression of ln(FHS*) against z2/2 yields an estimate 
of h. This estimate of h is equal to 0.091, which is the same as estimated 
in Section IIIB. Moreover, the plot (not reported) of ln(FHS*) against 
z2/2 does not reveal a straight line and is virtually identical to the plot in 
figure 4. Thus the patterns of skewness and elongation present in the 
data are more complicated than a joint description using single esti- 
mates of g and h would allow. 

The above analysis fails to establish any particularly constant value 
for g and h for the sample. However, the tendency of g values and p- 
sigma values to increase as we approach the- tails, as well as the curva- 
ture of the Q-Q plot, is indicative of more complicated patterns in the 
data. The results of the pushback analysis are somewhat akin to the 
"mixture" of distributions hypothesis advocated by Kon (1984) and 
others. The different elongation in the upper and lower tails are also 
consistent with differences in market perception regarding upside and 
downside risks. These results also suggest that, if two different values 
of g and h are extracted from the sample, better fits may be obtained. 
The next section illustrates the dramatic improvement in the fit with 
these approaches. 

IV. Fitting the Distribution 

The previous section illustrated the computation of the estimates for g 
and h as well as graphically described the behavior of the distribution. 
This section examines the quality of the fits resulting from using differ- 
ent distributional assumptions as well as different estimates of the g 
and h parameters. Initially, the normal distribution itself is fitted. Anal- 
ogous to equation (2), the random variable X is specified as a linear 
transformation of the unit normal random variable Z. Thus, for X = A 
+ B Z, the parameters A and B are then estimated from a regression of 
xp against zp, and the resulting residuals are presented in table 2. For 
this null case, as expected, the sum of the residuals is close to zero, but 
the sum-of-squares residuals (4.83) is much larger. A plot (not re- 
ported) indicates an extremely poor fit. A consideration of skewness 
and elongation is therefore necessary to provide a better description of 
the distribution. Thus, alternative estimates of g and h are used to fit 
the distribution. Specifically, these cases are presented. 

Case i.-Assume constant value of g (the median) and h = 0. 
At a first pass, this assumes that no elongation is present and that 

skewness is measured by a constant value of g = 0.037. As stated in 
(4b), the intercept term A in X = A + BYg(z) is the median of the 
sample (thus A = 0.0524). The slope B is extracted from a regression of 
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TABLE 2 Residuals from Fitting the Distribution Daily CRSP Value-weighted 
Index, 1962-85 

Gaussian Case i Case ii Case iii 

Z-value: 
-3.842 .080 6.284 .885 .174 
-3.668 .031 5.994 .563 .107 
-3.487 - .027 5.682 .270 .035 
-3.297 - .014 5.426 .083 .037 
-3.097 - .035 5.118 - .101 .010 
-2.886 .063 4.906 - .134 .066 
-2.660 .082 4.593 - .210 - .102 
-2.418 .229 4.375 - .126 .163 
-2.154 .300 4.046 - .081 .091 
-1.863 .284 3.578 -.087 -.003 
-1.534 .274 3.049 -.045 -.024 
-1.150 .206 2.362 -.013 -.027 
-.675 .085 1.451 .028 .004 

.000 - .211 .000 .000 .000 

.675 -.534 1.526 -.067 -.022 
1.150 -.702 -2.572 -.095 -.018 
1.534 - .775 - 3.370 - .097 - .001 
1.863 - .717 -3.946 - .023 .080 
2.154 - .666 -4.467 - .003 .091 
2.418 - .531 -4.858 .059 .129 
2.660 - .244 -5.062 .232 - .091 
2.886 .096 -5.185 .417 - .069 
3.097 .304 -5.416 .429 - .007 
3.297 .410 -5.729 .298 - .008 
3.487 .431 -6.112 .038 - .103 
3.668 .671 -6.260 - .049 .015 
3.842 .918 -6.388 - .175 .134 

Sum of residuals .008 -4.028 1.997 .661 
Sum of squared 

residuals 4.838 585.242 1.848 .169 

NOTE.-Gaussian: g = .0, h = 0; case i: g = .037, h = 0; case ii: g = .037, h = .091; case iii: g, = 
-.032, hi = .14; g2 = .064, h2 = .018. All numbers are expressed in terms of percentage returns. 
CRSP = Center for Research in Security Prices. See text for description of cases. 

mid-p against z2I2 and has the value of 2.8179.14 The functional form is 

Xp = 0.0524 + 2.8179 [exp(.037*zp) - 1]I(0.037). 

Figure 6 plots the actual letter values Xp and the fitted values Xp from 
the above equation. It is evident that failure to adjust for elongation 
causes lower tail values to be vastly underestimated and upper tail 
values to be overestimated. 

Case ii.-Assume both g and h are constant. 
The actual versus fitted letter values for the distribution under this 

14. The estimation of the slope parameter B in the case of skewness follows from (3a), 
(3b), and the definition of the midsummary. 

mid-p = (112)[xp + x(l-p)] = A + (112)(B/g)[gzp + g2ZP2 + g2z(2)_pI2]. 

Since zp = - Z(l -P), mid-p = A + (112)Bgzp. With the estimation of g, a regression of 
mid-p on zp provides the estimate of B. 
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FIG. 6.-Plot of data and fitted quantities: case i (g = .037, h = 0) and case ii 
(g = .037, h = .091). Clearly, the joint estimates (case ii) provide a much 
better fit, although the fits in the tails are not adequate. 

case are also shown in figure 6. The constant value of g is taken to be 
the median gp of 0.037, and the constant value of h is estimated from 
the regression of ln(FHSp) against z212 (eq. [12]). This estimate of h is 
0.091. While the estimate for A stays the same as before, the estimate 
of B is now obtained from the intercept term in the above regression 
because of the inclusion of elongation. The intercept of this term is 
ln(B), and the calculated value for B is 0.6679. The fitted distribution 
under this case is expressed as 

4 

Xp= 0.0524 + 0.6679 * (exp(0.037zp) - 1) * exp(0.0914p/2)/(0.037). 

As figure 6 shows, using constant values of g and h provides a good fit 
for the distribution of returns except for the extreme values at the tails. 

Case iii.-Assume two different values for both g and h. 
As observed earlier, it may be desirable to extract two separate 

values for both g and h. In particular, examining the values of g for 
each percentile (table 1), it is evident that for z values above - 2.42, a 
negative estimate of g is more appropriate. From table 1, the mean of 
these six observations (- 0.032) is taken as the g estimate for the 
middle of the distribution. Likewise, a tail estimate of 0.064 for g is 
obtained by averaging the last seven (tail) values of gp. Next, two 
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FIG. 7.-Plot of data, fitted quantiles (case iii),. and the residuals. The tails fit 
very closely in this instance, and the residuals are well distributed around zero. 

separate estimates of h are obtained by calculating the slopes of the 
two lines that were observed in figure 4. These are h = 0.14 for (z 
values between -2.88 and 2.88) and h = 0.018 for the remaining 
extreme tail values. The corresponding estimates of B are 0.6104 and 
1.0277 obtained from the intercept term in the respective regressions. 
Using these estimates, the fitted values Xp are computed from (9). The 
estimate for A is the same as in the previous case. Figure 7 plots the 
actual Xp against the fitted Xkp and displays an excellent fit. 

Table 2 presents the residuals (actual Xp minus fitted XA) for all three 
cases along with the sums and sums of squares of residuals. As is 
evident, Case iii provides the best fit. Figure 7 also plots the residuals 
for Case iii, and these are well distributed around zero. While all other 
fits perform poorly at the tails, the fit using two separate values of g and 
h (for the middle and the tails) performs extremely well even at the 
extreme tail values. Of course, the improvement in fit is achieved with 
two extra parameters. This raises the important issue (and a legitimate 
concern) of overfitting the model.'5 However, the improvement in fit 

15. Since the presence of skewness is relatively small (g = .037), and the elongation 
estimate varies across the tails, it may be sufficient to fit the data using one estimate for g 
(.037) and two estimates for h (same as case iii). The sum of the residuals was 2.02 (much 
larger than case ii), and the sum-of-squares residuals was 0.71 (still an improvement over 
case ii). This model may be used to allay concerns about overfitting. 
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over cases i and ii is so substantial that we feel that the addition of the 
two extra parameters is warranted. Intuitively, it is also appealing to be 
able to model the behavior of the tails adequately since it is the tail 
behavior that is of interest to financial economists. 

Finally, for purposes of comparison, the data were fitted with a 
Pearson distribution function. The Pearson family of distributions 
(Kendall and Stuart 1969) can be represented as 

[d(logf)Idx] = [xI(Bo + Bjx + B2X2)]. 

Depending on the value of the roots (real, imaginary, equal, opposite 
signs) of the equation Bo + Bjx + B2x2 = 0, different types of distribu- 
tions result. Values Bo, B1, and B2 can be estimated from the first four 
sample moments. For the daily value-weighted index, B1 = B2 = 0, 
which results in d(log f )Idx = xIB0. The solution to the differential 
equation is the Gaussian curve for which the results have already been 
shown. It is interesting to find that in spite of the obvious presence of 
skewness and elongation, the Pearson family approximates a Gaussian 
curve. The reason for this is that the Pearson family focuses on the 
inflection points of a distribution and is unable to handle complicated 
forms of skewness and elongation present in the sample data. 

The three different cases discussed above illustrate the nature of the 
complexity present in sample return data. 16 As we progress from cases 
i to iii, the quality of the fits improve dramatically. The overall conclu- 
sion reached from the preceding analysis is that, at the "market" level, 
return distributions exhibit different behavior in the middle and the 
tails. They are best described by two different estimates for the param- 
eters g and h. More detailed analysis can no doubt be performed using 
these residuals. If, from a decision-making perspective, an understand- 
ing of the behavior of the distribution within three standard deviations 
from the mean is sufficient, then either the constant g, h or the two- 
valued g and h distribution provides an adequate representation of the 
market index. 

V. Analysis of Other Indexes 

A. Daily Data 

A corresponding analysis was also carried out using the daily CRSP 
equal-weighted index for the same period, 1962-85. Since all firms are 
equally weighted in the computation of this index, one may expect to 
see substantially greater skewness and elongation than in the case of 
the value-weighted index. For the equal-weighted index, the median g 
value was actually negative ( - 0.034), and the h value was 0.146. The g 

16. We have also analyzed two other cases of increasing g (proportional to zp) with 
h = 0 and with a constant h. In both cases, the fits were poor, and the results are 
not reported here. 
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values ranged from a minimum of -0.148 to a maximum of 0.063, 
indicating that for abs(z) less than or equal to 2.88, a g value of - 0.079 
was more representative of skewness. For the more extreme tail 
values, g = 0.041 provided a better summary measure. The h value is 
much larger than the DVW, implying substantially greater elongation. 
However, a plot of ln(p-sigma) versus z2/2 was virtually a straight line 
with a slope of 0.146 (the h value). Thus, although two different mea- 
sures of g were needed to adequately capture skewness (like the 
DVW), a constant value of h provides an excellent estimate of the 
elongation parameter of the equal-weighted index (unlike the DVW). 
The results were also replicated with logged price relatives instead of 
raw returns with similar results. 

B. Monthly Data 

We analyzed 282 monthly returns on the two indexes over the same 
period as the daily sample (1962-85). While this sample met the studen- 
tized range requirements, the g and h values are comparable with those 
estimated using the daily sample. The g values for the monthly equal- 
weighted index range from -0.051 to 0.181 with a median of 0.042. 
Again, two different g's are needed to adequately capture skewness. 
The h value of 0.11 is comparable with that estimated from the daily 
data. As with the daily equal-weighted index, corresponding plots re- 
veal this single value of h to be an appropriate elongation measure for 
the monthly equal-weighted index. 

The range of the g values is slightly less for the monthly value- 
weighted index (from - 0.057 to 0.102) with a median of 0.013. This 
value for the median g seems to suggest that the assumption of sym- 
metry is a good working approximation. Analogous to the DVW data, 
two different g values are needed to adequately capture the skewness 
in this distribution. Likewise, h values for the monthly value-weighted 
data are also seen to differ over the different portions of the distribu- 
tion. 

Thus a similar pattern of skewness and elongation can be detected in 
both monthly and daily data as one may intuitively expect. This pattern 
is different for the equal-weighted market index and the value-weighted 
market index. However, a consideration of the studentized range alone 
would deem the monthly data as not violating normality. Analysis at 
the individual stock level and for portfolios of different sizes awaits 
further study. 

VI. Summary and Conclusions 

The results of applying g and h distributions reveal complicated forms 
of skewness and elongation in market index returns data. Their estima- 
tion has to be done jointly. The skewness in the middle and the tails are 
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different. For value-weighted indexes the elongation in the middle and 
tails is also different-the left tail being thinner than the right tail, while 
both tails are thicker than the corresponding Gaussian tails. While 
classical measures do provide numerical estimates for skewness and 
elongation, they do not provide a feel for them. Much more complexity 
is revealed in stock return distributions through methods involving 
data analytic techniques. Besides, the classical measures are not ro- 
bust. The g and the h distributions provide a parametric form incor- 
porating the first four moments and can be estimated using simple 
functions of order statistics. 

Fitting the distribution using a pair of g and h values is similar to the 
procedure of using mixtures of Gaussian distributions to model com- 
mon stock returns (Ali and Giaccotto 1982; Kon 1984; Bookstaber and 
McDonald 1987). However, Kon (1984) requires a mixture of three 
Gaussian distributions to describe market indexes. This article has 
illustrated bow more cursory descriptions of market index returns are 
possible. Computationally, the methods in this article are much simpler 
to use than the bootstrapping techniques of Bookstaber and McDonald 
(1987) or the logarithmic likelihood maximization procedure of Kon 
(1984). 

It is our belief that this modeling process illustrates a practical way 
to estimate distribution functions. Similar analysis for a group of indi- 
vidual stocks can provide a more meaningful insight into the prevalent 
patterns of skewness and elongation in return distributions. This has 
important implications for devising appropriately skewed portfolio 
strategies. From a more theoretical perspective, a three-moment capi- 
tal asset pricing model (CAPM) may be made easier operationally. It 
provides motivation to develop more general (e.g., four-moment crite- 
ria) versions of CAPM. Some of these issues are undergoing investiga- 
tion. 
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