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A Data-Analytic Look at Skewness and 

Elongation in Common-Stock-Return 

Distributions 

S. G. Badrinath and Sangit Chatterjee 
College of Business Administration, Northeastern University, Boston, MA 02115 

This article explores the nature of skewness and elongation in daily common-stock-return dis- 
tributions of individual firms using estimates of g (for skewness) and h (for elongation) obtained 
from Tukey's g and h distributions. Both parametric and nonparametric (bootstrap) estimates 
of standard errors of the g estimates are computed and compared. Daily return distributions 
are first examined cross-sectionally over a large sample of firms. The estimates of the skewness 
parameter exhibit variation across individual firms, but some general trends are evident across 
industry groups and firm sizes. Return distributions typically seem to be more elongated than 
the Gaussian distribution. From a time series perspective, both skewness and elongation are 
persistent in the return distributions of individual firms and vary over a finite range. First-order 
autocorrelation coefficients of monthly g and h estimates are large and suggest a certain degree 
of predictability. 

KEY WORDS: Bootstrap; g and h distributions; Kurtosis; Portfolio strategies; Pseudo-sigma. 

Studies of distributions of stock returns are common 
in the finance literature. This is because the empirical 
form of the distribution and the estimates of the pa- 
rameters associated with these empirical distributions 
are crucial inputs for pricing risky assets. Although em- 
pirical studies commonly employ the Gaussian (normal) 
distribution as the underlying probability model that 
generates security returns, models that deal with de- 
partures from the Gaussian distribution are also abun- 
dant. These include the stable Paretian distribution of 
Mandelbrot (1963) and Fama (1965), the fitting of t 
distributions and mixtures of Gaussian distributions 
(Ali and Giacotta 1982), the generalized beta of the 
second kind (Bookstaber and McDonald 1987), and 
Badrinath and Chatterjee's (B&C) (1988) work with g 
and h distributions. Reviews of past research in model- 
ing stock-return distributions can be found in the work 
of Kon (1984) and B&C, among others. 

B&C in their 1988 article investigated the appropri- 
ateness of the g, h, and hig (read h given g) distributions 
for fitting stock-returns data. Specifically, their work 
was based on index returns for both value-weighted and 
equal-weighted market portfolios. This article reports 
results regarding the estimates of skewness and elon- 
gation (kurtosis) for distributions of stock returns for 
individual firms. Asymptotic estimates of the standard 
errors of skewness using Hoaglin-Tukey estimates are 
presented. For elongation, bootstrap estimates of stan- 
dard errors are computed to provide a feel for the sta- 
bility of the parameter estimates. Common-stock 
returns from different samples of firms partitioned by 
firm size, systematic risk, and Securities Industry Clas- 
sification Code (SIC) industry classifications are also 

examined. Furthermore, we study the issue of the sta- 

tionarity of skewness and elongation over time for these 
different samples. 

Analogous to the article by B&C, this article is also 
in the spirit of exploratory data analysis (Tukey 1977a). 
Accordingly, more stress is given to plots and graphical 
representations of distributional shape with correspond- 
ingly little emphasis on formal hypothesis testing. Since 
most of our analysis is based on relatively large samples, 
the inference we make is quite robust, and the lack of 
extensive formal tests of hypothesis does not detract 
from the main concerns of the article. Using estimates 
of the mean and variance of g, h, and hig obtained by 
matching different percentiles of the data distribution 
and the standard Gaussian distribution, one can con- 
struct approximate test statistics for the usual purposes 
of hypothesis testing. 

The main contributions of the article are (a) to permit 
the investigation of non-Gaussianity in security returns 

using simple techniques underlying the g and h distri- 
butions and (b) to search for patterns of skewness and 
kurtosis both cross-sectionally over different classes of 
firms (industry, size, and risk) and their persistence over 
time. We find that, although there is substantial vari- 
ation in the parameter estimates for skewness (g) and 

elongation (h) for individual firms, some trends are 
evident across risk and firm size. A time series exam- 
ination of the estimates also reveals some stability in 
the estimates of the g and h parameters. 

The rest of the article is organized as follows. Section 
1 introduces elements of the g, h, and hig distributions 
and the estimation procedures. The notation h* = 

hig is used to denote a value of h conditional on a given 
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value of g. Section 2 discusses the sample data and 
presents the analysis. Section 3 summarizes results and 
suggests directions for further inquiry. 

1. THE g, h, AND h* DISTRIBUTIONS 

The g, h, and h* (hig) distributions were proposed 
by Tukey (1977b) and described by Hoaglin (1983) for 
flexible modeling of distributions with skewness and 
kurtosis. For g, let Z be a standard Gaussian random 
variable. A nonlinear transform of Z, parameterized 
by g given by 

Yg(Z) = (exp(gZ) - 1)/g, (1) 
is said to have a g distribution, where g measures the 
skewness of Yg(Z), which is thus a shifted lognormal 
random variable and is bounded above (below) by 
- 1/g when g > 0 (g < 0). It is easy to show that for 
g - 0 (1) reduces to a standard Gaussian distribution 
with mean 0 and standard deviation 1. A linear trans- 
form of Yg(Z) given by 

X = A + BYg(Z) (2) 
accounts for the location (mean) and scale (variance) 
of the distribution of X. We denote (2) as Model 1 in 
later analyses. In Model 1, we can restrict B > 0 without 
affecting the distribution of X. Thus X is a monotone 
function of Z. 

Similarly, if h is a measure of elongation (kurtosis), 
then the h distribution is given by 

X = A + BYh(Z) 

= A + BZ exp(hZ2/2); (3) 

X = A + BYh(Z) is referred to as Model 2 in our 

analysis. For h = 0, Equation (3) represents a standard 
normal distribution with no elongation, but h > 0 (or 
< 0) represents a distribution with a thicker (thinner) 
tail than the standard Gaussian distribution. In other 
words, elongation is measured relative to a standard 
Gaussian distribution, and Yh(Z) is bounded in absolute 
value by (1//Ie) when h < 0. Again, in Model 2 we 
can assume B > 0, since negating B can be offset by 
negating Z with no change in the distribution of X. 
Thus, for h > 0, X is increasing in Z. For h < 0, 
however, X is not a monotone-increasing function of 
Z. Since Yh(Z) = Z * exp(hZ2/2) is symmetrical, the 
odd moments are 0. To provide a feel for the shapes 
of these distributions, Figures 1 and 2 compare the tail 
behavior of two g distributions with high g (=.5) and 
low g (= -.5). In each case both a low h (=.1) and a 
high h (=.2) are also plotted, as is the standard Gaus- 
sian distribution. 

Since skewness may itself induce elongation in the 
data, it is important to investigate the nature of elon- 
gation after skewness has been considered. Analogous 
to (3), we then represent hig = h* as 

X = A + BY*(Z) 

= A + B[(exp(gZ) - 1)/g] * exp(h*Z2/2). (4) 

We represent Equation (4) as Model 3. Note that 
Models 1 and 2 are limiting cases of Model 3 when h* 
= 0 and for g -- 0 and h = h*, respectively. Again, 
through similar arguments it can be shown that X is 

-6 -5 -4 -3 -2 -1 0 0 1 2 3 4 5 6 

-6 -5 -4 -3 -2 -1 0 0 1 2 3 4 5 6 

Figure 1. Two Distributions in Which High g (=.5) and Both Low h (= .1) and High h (=.2) Values Are Compared for Both Tails and With 
the Standard Gaussian Distribution:..., standard Gaussian distribution; ---, g distribution; ---, h distribution. 
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-6 -5 -4 -3 -2 -1 0 0 1 2 3 4 5 6 

I I\ -- -....r----------i- 
-6 -5 -4 -3 -2 -1 0 0 1 2 3 4 5 6 

Figure 2. Two Distributions in Which Low g (=.5) Values and Both Low (h = .1) and High h (=.2) Values Are Compared for Both Tails 
and With the Standard Gaussian Distribution:..., standard Gaussian distribution; ---, g distribution; --- , h distribution. 

increasing in Z for h* > 0, but for h* < 0, X is not a 
monotone function of Z. Figure 3 compares an hlg 
distribution (when g = .5 and h = .2) with a standard 
Gaussian distribution. 

Although simple estimation of h as in (3) yields a 
standard Gaussian distribution when h is set to 0, in (4) 
h* = 0 has a different implication. The basis against 
which elongation in (4) is now measured is a skewed 
distribution (the lognormal). Expressions for the first 
four moments of the g, h, and h* distributions are avail- 
able in the work of Martinez and Iglewicz (1984). 

where x.5 represents the sample median of the random 
variable X. 

We use eight selected letter values of p and obtain 
multiple estimates of g (for each letter value p) from 
(5). Letter values provide the convenience of extracting 

i g /, i^^-i observations at simple depths from the ordered sample. 
-6 -4 -2 0 2 4 6 The depth of an observation is its position in the ordered 

sample relative to the nearest end. Thus, starting with 
Figure 3. A (g x h) Distribution in Which g = .5 and h = .2 Is m e la to 

thes r frths, r igth 
Compared With a Standard Gaussian Distribution. The lighter linefor fourths), 
indicates standard Gaussian distribution; the darker line indicates the letter values progressively go backwards, D, C, B, 
(g x h) distribution. A, Z, Y, X, . . . , halving the tail areas for each step. 

1.1 Estimation of g 

Estimation of A, B, and g is carried out by matching 
different percentiles of the data distribution and the 
standard Gaussian distribution. This type of estimation 
technique is similar to the method of moments but al- 
lows multiple estimates of the parameters. Thus esti- 
mates influenced by wild or extreme observations can 
easily be spotted and proper action taken. Since max- 
imum likelihood estimation of g, A, and B are quite 
difficult computationally, we adopt simple data-analytic 
methods. The calculations presented here can be easily 
performed on a spreadsheet program. 

Let xp and x(_,p) and zp and z(l_p) = ( - zp) represent 
the pth and the (1 - p)th sample percentiles of the 
random variable X and the standard Gaussian random 
variable Z. Substituting them in (2) and rearranging 
terms yields 

gp = (- l/zp)ln[(x(,p) - X.5)/(X.5 - Xp)], (5) 
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This provides a summary of how skewness changes 
across the sample and permits graphical analysis. The 
median of the gp estimates is used as an overall g value 
for a distribution. 

Once g is estimated, the constants A and B in Model 
1 are obtained as follows. Rewriting (2) for p = .5, x.5 
= A + B[exp(g.0) - 1] = A. The median of the data 
thus serves as an estimate for A. To estimate B, we first 
estimate a midsummary (average of upper and lower 
letter values) denoted as mid-p by rewriting (2) for the 
pth and (1 - p)th percentiles as 

xp = A + [Blg] * [exp(gzp) - 1] 

x(_ p) = A + [Blg] * [exp(gz(_lp)) - 1], 
since Zp = -z(_-p), x(_,p) = A + [Blg] * [exp(-gzp) 
- 1]. The midsummary (mid-p) is 

(2) 
* 

[Xp + X(i p)] 

= A + ()(B/g)[g2z2 + g44/12 + ..]. (6) 

Dropping the higher-order terms and setting zp = 
-Z(l -), mid-p = A + ()B * g * Z2. Given median g 

and the preceding estimate of A, a regression of mid- 
p on Z2 yields the corresponding estimate of B. These 
estimates are useful in obtaining the empirical proba- 
bility function of returns for a security. We use these 
estimates to compare the actual percentile with the fit- 
ted percentiles of the distribution. 

1.2 Estimation of h 

Substituting Xp, x(_p), zp, and Z(l_p) (= Zp) in (3) and 

manipulating terms yields (for h > 0) 

[xp - x(_ p)]/2zp = B exp(hz2/2). (7) 

The left side of (7) is the ratio of the difference in 
two percentiles of the distribution of X to its corre- 
sponding Gaussian value. In the data-analysis literature 
(Hoaglin 1983) this ratio is called the pseudo-sigma (P- 
sigma). P-sigma measures the extent to which a distri- 
bution is more elongated than the Gaussian distribu- 
tion. From (7) a numerical estimate of h is obtained by 
regressing In(P-sigma) against z2/2 for selected values 
of percentiles. An estimate of the scale parameter B is 
obtained from the intercept ln(B) by treating (7) as a 
least squares regression. As before, the estimate of B 
is useful in determining the empirical probability func- 
tion of returns and fitting the data percentiles. 

1.3 Estimation of h* (hig) 
To estimate h* in the presence of g, rewrite (4) for 

the pth and (1 - p)th percentiles, and take their dif- 
ference. Thus, for h* > 0, xp - x(l p) = (Blg) * 
exp(hzp/2) * [exp(gzp) - exp( -gp)], and, rearranging 
terms, 

g(Xp - x(l_p))/(exp(gzp) - exp(-gzp)) 
= B * exp(hzp/2). (8) 

The left side of (8) is now called the corrected full- 

spread (CFS, analogous to the P-sigma), and a regres- 
sion of ln(CFS) on z2/2 provides the required estimate 
of h*. The estimation of g from Model 1 will also serve 
as an estimator of g in Model 3 since the exponential 
term involving h* cancels out in obtaining Equation (5). 
Parameters A and B in Model 3 can be estimated as in 
Section 1.2. 

2. SAMPLE DATA AND RESULTS 

2.1 Data 

The data for our sample are the time series of daily 
returns on common stock for all firms continuously 
listed on the New York Stock Exchange or the Amer- 
ican Exchange for 24 years from 1963 to 1986. Firms 
with more than 10 missing observations are excluded 
from the sample. The total number of firms in the sam- 
ple is 559. Thus a typical cross-sectional sample consists 
of 6,031 days of data. For detailed analysis, the sample 
is partitioned into three groups: 

1. An industry classification based on the SIC code. 
Subgroups are (a) manufacturing (438), (b) utilities 
(108), and (c) financial companies (13). 

2. Firms classified by firm-systematic risk. Sub- 
groups are (a) high risk (beta larger than 1.08) and (b) 
low risk (beta less than .515). Individual betas were 
calculated by the usual market-model regression of the 
return on the firm against the return on the Center for 
Research in Security Prices value-weighted market in- 
dex. These betas were calculated for each year, and the 
median beta estimate was used to rank all of the firms. 

3. Firms classified by firm size. Subgroups are (a) 
small firms (total assets less than $216.8 million) and 
(b) large firms (total assets greater than $2,139.7 mil- 
lion). Firm size was calculated as the dollar value of 
total assets for the firms as of the end of 1986. These 
figures were obtained from the Compustat tapes. Firms 
were ranked in ascending order based on their total 
asset value. Once again, the high/low size categories 
are the upper and lower 25% of all the firms in the 
sample. 

For each of the seven groups of firms, for each of 
the 24 years in the period 1963-1987, annual g, h, and 
h* (hlg) estimates are computed. Recognizing that even 
with 24 subperiods (years) some autocorrelation may 
persist in the daily return series, we examined the au- 
tocorrelation coefficients for each firm for each sub- 
period. On average, in any given year less than 20% of 
the sample firms exhibit any significant positive first- 
order autocorrelation. For this subset of firms, we then 
compared the estimated g, h, and h* estimates from the 
raw returns data with the corresponding estimates cal- 
culated from the residuals of a time series model of 
returns of the form X, = fiX,_1 + E,. The median dif- 
ferences between these estimates are -.012 for g, 
- .007 for h, and - .003 for h*. Since these differences 
are small and confined to a relatively small proportion 
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Table 1. Daily Return Characteristics of the Sample of Firms 

No. of Standard 
Group firms Mean deviation Minimum Maximum 

Manufacturing 438 .067 2.02 -6.46 8.22 
Utility 108 .045 1.29 -4.20 4.90 
Finance 13 .066 2.12 -6.54 8.47 
High risk 139 .069 2.31 -7.17 9.21 
Low risk 138 .052 1.45 -4.84 5.94 
Large size 141 .061 1.56 -4.98 5.89 
Small size 139 .068 2.41 -7.68 10.49 

NOTE: All returns are in percent per day. 

of the firms under study, we are confident that the 
implicit assumption of stationarity and independence 
over time (inherent in using the return series rather 
than residuals to estimate g, h, and h*) does not detract 
from our analysis. 

2.2 Analysis 

Summary statistics for the data are presented in Table 
1. Mean returns, standard deviations of returns, and 
the minimum and maximum return for each group are 
displayed. All of the characteristics that we expect in a 
sample like this are present. The high-risk firms have 
a higher return and a higher standard deviation than 
the low-risk firms. Similarly, large-size firms have a 
lower return and a lower standard deviation than the 
small firms. The sample being analyzed can thus be 
considered fairly representative of the population at 
large. 

2.2.1 Estimation of Standard Errors. Estimates of 
standard errors of g with their degrees of freedom were 
provided by Hoaglin and Tukey (1989) and the com- 
putational formulas detailed in the appendix. These es- 
timates of standard errors of gp are asymptotic results 
and should be valid, since our sample size is large. We 
compute the Hoaglin-Tukey estimates and compare 
them with the bootstrap (Efron 1979) estimates based 
on 50 bootstrap samples. We shall discuss some results 
for a random sample of five firms. Section 3 presents 
summary results for the full sample. 

Table 2 represents median gp estimates and the cor- 
responding tail probabilities (p). Column (4) presents 
the Hoaglin-Tukey estimates of the standard error of 
gp with the degrees of freedom and corresponding t 

statistics in columns (5) and (6). Column (7) provides 
the corresponding bootstrap estimate of gp. 

Comparing the bootstrap estimates of the standard 
errors of gp with the Hoaglin-Tukey estimates, we ob- 
serve that the former are on the average (geometric 
mean) an order of magnitude (about 10.7 times) larger 
than the latter. For the five securities in Table 1, the 
ratios of the bootstrap and Hoaglin-Tukey estimates 
are 5.4, 13.7, 18.7, 9.5, and 10.7 with a geometric mean 
of 10.7. Although it is well known that the bootstrap 
usually overestimates standard errors, the difference is 
surprising and calls for further investigation. 

Since there are no available estimates for the standard 
errors of h and h*, bootstrap estimates are used for 
judging their significance. Columns (8)-(11) of Table 2 
report the computed h and h* estimates and their as- 
sociated bootstrap standard errors. If we assume that 
the Hoaglin-Tukey estimates are reasonably reliable, 
then the bootstrap estimates of the standard errors of 
h and h* (where no asymptotic results are available) 
can be adjusted accordingly. With approximate confi- 
dence intervals, the usual tests of hypotheses can be 
conducted. 

2.2.2 Analysis for the Cross-Section. The esti- 
mated median g and h values for each firm are presented 
through notched boxplots. Boxplots display the main 
features of a batch of data. The middle half is repre- 
sented by a box, and the median is marked by a + sign. 
The extent of the data and the location of possibly 
extraordinary values is indicated on either side of the 
box with different symbols like * and 0. Confidence 
intervals for the population median appear on each box- 
plot with ends indicated by parentheses. The confidence 
interval is found by a nonlinear interpolation formula 
developed by Hettmansperger and Shealter (1986). 
Two groups whose notched intervals do not overlap are 
significantly different (approximately) at the 5% level. 

Figure 4 represents the boxplots for median g values 
for each of the seven industry-size-risk groups. Each 
observation in the boxplot is a time series median of 
individual year g estimates for firms in the relevant 
sample. Arranging the boxplots in parallel makes pos- 
sible the comparison of location and spread measures 
of multiple batches of data visually. The notches give 
the 95% confidence interval (CI) for the population 

Table 2. Estimates of Standard Errors 

Degrees 
Firm Median of Bootstrap Bootstrap 

Index percentile g9 sh(g)a freedom t statistic sb(gb)b h std. error h* std. error 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 

1 .00098 .04406 .00614 4.987 2.017 .03288 .18230 .00920 .17972 .00994 
2 .00195 .07752 .00125 6.954 1.897 .17080 .08544 .00807 .07752 .00776 
3 .00195 .09071 .00122 6.954 1.897 .20170 .09583 .01070 .08503 .00958 
4 .00049 .06813 .00140 3.620 2.216 .13333 .06868 .00622 .06255 .00618 
5 .00098 .03595 .00228 4.987 2.017 .02434 .12544 .01910 .12372 .02000 

a Standard errors for g are calculated according to the Hoaglin-Tukey estimates. 
b Bootstrap standard errors for g. 
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Figure 4. Notched Boxplots of Estimated Median g Values for Different Groups of Individual Firms. The medians are denoted by a "+," 
while extreme values are represented by a "*". Only positive extreme g values are present in the estimates for each group. The notches 
given by the closed parentheses denote a 95% confidence interval. Nonoverlapping notches indicate significantly different population medians. 
For instance, the median for the manufacturing group is higher than that for the utility group because their confidence intervals do not overlap. 

medians of the parameter estimates. We can visually 
glance across Figure 4 and get a feel for the central 
tendencies of the distribution of the g estimates and 
their spreads. 

Examining Figure 4, we see that the median g values 
for each of the groups is positive and the population 
median is significantly different from 0. Thus the pres- 
ence of skewness seems pervasive. The 95% CI's do 
not overlap, implying significant differences in skewness 

patterns across different groups of individual firms. 
Utilities have a lower value for skewness than the fi- 
nancial sector. Security returns are more skewed for 
the high-risk (beta) group than the low-risk group of 
firms. As expected, the large-size firms have a lower 
value for skewness than the smaller sized firms. The 
estimated medians for all of these groups have a few 
outliers and extreme values as seen by the symbols * 

or 0. For a portfolio manager, such securities are often 
of interest and the methodology proposed here provides 
an easy way to detect them. The estimates of the central 
tendencies are not affected by these extreme observa- 
tions, since we are employing the sample median, which 
is resistant to such deviations, as our estimator for lo- 
cation. Table 3 presents the g estimates from which the 
boxplots are generated. 

We next investigate estimates of elongation for the 
seven groups of firms. Figure 5 represents the notched 
boxplots for the estimated median elongations (h) for 
the various samples. Corresponding values for the es- 
timates appear in Table 3. The highest amount of elon- 
gation appears to be present for the small-size firms. 
This estimate of elongation is positive and about .14; 
that is, the returns distribution comes from a thicker- 
tailed distribution compared to the standard Gaussian 

Table 3. Estimated Cross-sectional Median g, h, and h* Values for the Median Firm 
in Each Subgroup 

Median Median Median 
g Range h Range h* Range 

Manufacturing .073 (- .03, .18) .132 (.06, .26) .124 (.05, .26) 
Utility .053 (-.01, .13) .130 (.08, .30) .126 (.07, .29) 
Finance .064 (.03, .13) .126 (.10, .21) .114 (.09, .20) 
High risk .076 (-.01, .14) .126 (.06, .24) .114 (.05, .24) 
Low risk .062 (-.01, .18) .144 (.08, .30) .139 (.07, .29) 
Large size .062 (-.03, .14) .121 (.06, .30) .115 (.06, .29) 
Small size .093 (.01, .18) .148 (.08, .27) .135 (.07, .27) 

NOTE: For each firm, g, h, and h* (= hig) values are calculated for each year in the sample period 1963-1986. The values in the 
table are cross-sectional over all firms in the subgroup. For instance, the median firm in the manufacturing group has a g value of .073, 
with manufacturing firms having g values ranging from -.03 to +.18. 

i r I I I 

I I I 
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Figure 5. Notched Boxplots of Estimated Median h Values for Different Groups of Individual Firms. The median values for each group are 
denoted by a "+," while closed parentheses denote the 95% confidence interval. Extreme values are denoted by a "*" and are typically 
positive. Moreover, most 95% Cl's overlap, suggesting approximate equality of population medians across the different groups. 

distribution. Like skewness, elongation appears to be 
significant. Small firms and high beta firms appear dif- 
ferent from large firms and low beta firms respectively. 
The population medians, however, do not seem to be 
very different across SIC codes. Small firms are more 
likely to be high risk (high beta) firms and hence more 
susceptible to extreme fluctuations. The elongation re- 
sults presented previously appear generally consistent 
with these expectations. In all cases, the range of the 
h estimates is large, indicating considerable variation 
even within each group. 

The final column of Table 3 presents the estimates 
of the median h* for each subgroup. Recall that, since 
skewness may induce elongation, an estimate of h after 
correcting for the presence of g can provide a better 
picture of the nature of elongation in the data. The 
estimated h* is a little lower than the previous h esti- 
mates. Across the entire sample the ratio (hlh*) has a 
mean of .934, a standard deviation of .049, and ranges 
between .716 and 1. It would appear that the impact of 
skewness on the tail-heaviness of the data is not sub- 
stantial. 

Section 1 reported some estimates of standard errors 
of the estimates of g, h, and h*. Here we present the 
results of tests of significance of the g estimates for the 
entire sample. Since no analytical form is available to 
estimate the standard errors of h and h*, full-sample 
results cannot be documented. A bootstrap analysis is 
possible, however. We recommend that bootstrap es- 
timates of standard errors of h and h* be deflated by a 
factor of 10. Table 4 details the average proportion of 

firms in each year with significant gp estimates at each 
letter value p. T statistics are calculated by dividing each 
gp estimate by the corresponding Hoaglin-Tukey esti- 
mate of standard error. 

A very high percentage of firms have positive skew- 
ness at different letter values in the tail. If we examine 
the significance of positive or negative skewness at a 
lower letter value (say p = .25), however, the propor- 
tion is 27%. As may be expected, near the middle of 
the distribution skewness cannot be distinguished from 
elongation and other features of the distribution. 

Finally, to get a feel for the correlation of g and h 
estimates, we provide a plot of the annual g estimates 
against the annual h estimate. Figure 6 was chosen as 
a typical example of several plots that we examined. In 
most cases, g and h estimates appear to be independent. 

We also attempted to fit the data. The estimates for 
A, B, g, and h* were used to construct a fitted distri- 
bution (at selected quantiles), and the discrepancies 

Table 4. The Average Proportion of Firms in Each Year With 
Significant gp Estimates at Each Letter Value p 

Proportion of firms 
significant at 0.05% 

Letter 
values Negative 9p Positive gp 

.25000 .16 .27 

.12500 .16 .57 

.06250 .12 .71 

.03125 .11 .74 

.01563 .10 .70 

.00781 .09 .55 

* 

* * 

MANUFAC 
-TURING 

UTILITY 

FINANCE 

HIGH 
BETA 

LOW 
BETA 

LARGE 

SMALL 

* * 

* 

0 

* * 
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Figure 6. A Plot of g and h Estimates Based on Yearly Data for a Randomly Chosen Security Displays Very Little Correlation. 

between these and the data quantiles were checked for 
statistical significance from 0. In each case, the fit was 
reasonable. Some large discrepancies, especially in the 
tails, were evident. As B&C suggested, the fit can be 
improved still further by examining each tail area for 
differences and using separate estimates for g and/or h 
for each tail. Since a large number of firms are being 
studied here, we are unable to undertake such an ex- 
tensive graphical analysis. 

In sum, the data indicate that a substantial amount 
of positive skewness is present in the returns distri- 
butions for individual securities grouped by industry 
classification, firm-systematic risk, and firm size. 
Moreover, the degrees of skewness for these groups are 
significantly different. All groups also exhibit signifi- 
cantly positive elongation. Differences in elongation are 
evident for the small-firm and high-beta-firm groups. 
Such an analysis, of course, assumes that the daily re- 
turns for each stock are stable and independent over 
the 24-year period. Even if this is unlikely, the results 

indicate that the behavior of the g, h, and h* estimates 
is consistent with expectations. 

2.2.3 Analysis Over Time. This section investi- 
gates the issue of stationarity of skewness and elonga- 
tion over time. If skewness is persistent, then it becomes 
possible to design portfolio strategies accordingly. For 
this purpose, we work with the annual g, h, and h* 
estimates. For each firm, a time series median of the 
24 individual-year g, h, and h* estimates is computed 
and then cross-sectional medians for each group are 
calculated. Table 5 displays the values of g, h, and h* 
for the median firm in each of the seven subgroups. 
Figures 7, 8, and 9 provide plots of the time series g, 
h, and h* estimates for randomly chosen securities. 

To investigate the issue of persistence, simple time 
series models are estimated. For g, the model g, = a 
+ pfq,- + et is examined for each individual firm. Thus 
g, represents the g estimate for each individual stock in 
year t. For firms in which fl = 0, the estimate of a can 

Table 5. Estimated Time Series Median g, h, and h* Values for the Median Firm 
in each Subgroup 

Median Median Median 
g aga h ahb h* ah. 

Manufacturing .088 .079 .115 .110 .097 .092 
Utility .047 .046 .098 .097 .093 .090 
Finance .090 .076 .107 .089 .085 .791 
High risk .095 .084 .103 .097 .084 .080 
Low risk .056 .052 .116 .109 .108 .103 
Large size .063 .064 .092 .090 .079 .078 
Small size .097 .094 .139 .131 .120 .113 

NOTE: For each firm, g, h, and h* values are calculated for each year in the sample period 1963-1986. The reported medians are 
first calculated cross-sectionally within each subgroup for each year. A time series median of these estimates is reported for g, h, and 
h*. 

a ag represents the cross-sectional median estimate of a in gt = a + p gt 1 + Et. These are statistically significant for about 88% 
of the firms in the sample. Estimates of /, are significant for only nine firms. 

b ah represents the cross-sectional median estimate of a in ht = a + # ht- 1 + st. These are statistically significant for about 98% of 
the firms in the sample. Estimates of /, are significant for only 8% of the sample firms. 

c ah represents the cross-sectional median estimate of a in h* = a + / h_ 1 + Et. These are statistically significant for about 97% 
of the firms in the sample. Estimates of ,f are significant for only 7.6% of the sample firms. 
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Figure 7. A Plot of Yearly g Estimates for a Randomly Chosen Security. 

be used as a prediction for a future value of g. For 
skewness, the estimated values for a are significant (at 
95%) for over 88% of the sample firms; f/ estimates are 
significant for only nine firms. This suggests that the 
estimate of a can indeed be used as a mean level for 
future values of g. Estimates of a values in correspond- 
ing time series models for elongation (both h and h*) 
are also significant at 95% for almost every individual 
firm. Relatively few firms exhibit significance for the 
slope parameter /f. Thus the elongation parameter ap- 
pears serially uncorrelated as well. 

3. CONCLUSIONS 

Following the work of B&C, who investigated skew- 
ness and elongation of market-index returns, this article 
uses data-analysis techniques to investigate the behavior 
of the corresponding parameters for individual com- 
mon-stock returns. In particular, we provide an asymp- 
totic estimate of the standard errors of the g estimates 

0.35 - 

0.30 - 

0.25 - 

0.20 - 

0.15 - 

0.10 - 

0.05 

0.00- 

and compare them to bootstrap estimates. The boot- 
strap estimates are an order of magnitude larger than 
the Hoaglin-Tukey estimates and need to be investi- 
gated further. We also examine the time variation (sta- 
bility) in the estimates of g and h for individual stocks. 
Large numbers of individual stocks show positive skew- 
ness when grouped by different characteristics. A 95% 
CI for the population median for most of the groups 
does not include the point 0 (zero) and is thus signifi- 
cantly different from it. Moreover, for most of the 
groups the 95% CI's do not overlap, thereby suggesting 
significantly different values of skewness for the differ- 
ent populations. Furthermore, small-sized firms display 
larger variability when skewness is considered. Over 
time, security returns are observed to be both positive 
and negatively skewed, but the range of variation in 
these median parameter estimates is fairly constant. 

The kurtosis parameter h is generally positive within 
different groups and over time suggesting that security 

-0.05 1 ' ' ' I I I ' I ' ' ' I ' 'I 
1963 1967 1971 1975 1979 1983 

Figure 8. A Plot of Yearly h Estimates for a Randomly Chosen Security. 
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Figure 9. A Plot of Yearly h* Estimates for a Randomly Chosen Security. 

returns are generally more elongated than the normal 
distribution. Differences across different groups is not 
as pervasive as in the case of skewness. Overall, the g 
and h estimates at the individual firm level display con- 
siderable variation within groups. The magnitude of this 
variation is, however, quite constant over time. 

The estimates of the intercept term in time series 
models for both skewness and elongation show a sig- 
nificant positive value for different groups. Since the 
yearly estimates of both skewness and elongation are 
reasonably steady, prediction of these quantities seems 
possible. This in turn suggests strategies for portfolio 
formulation based on mean, variance, skewness, and 
elongation rather than a conventional mean-variance 
strategy. Incorporating the third and fourth moments 
into a portfolio paradigm is a challenge and needs fur- 
ther investigation. 
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APPENDIX: COMPUTATIONAL FORMULAS FOR 
V(g) and V(h) 

In an unpublished paper, Hoaglin and Tukey (1989) 
derived an approximate value of standard error of gp, 
based on the variability in the vicinity of the quantiles 
on which they are based. A version of the angular trans- 
formation is used, and because gp are correlated for 
nearby values of p, the authors also provided a large- 
sample approximation to estimate the correlations. In 
this section, we only provide the backbones of the com- 
putational formulas, and readers are referred to the 
original formulas for more details. 

We have 

gp = -(1/zp)log{(Y1 _ - y.5)/(y.5 - yp)}, (A.1) 

which leads to V(gp) in terms of the variances of esti- 
mated quantiles p, 9.5, and 9p _p. These individual vari- 
ances are estimated using an angular transformation. 
Thus 

V(gp) = 
- [V{log(^9-p - 9.s)} + V{log(9.5 - 9p)} 

- 2 cov{log(91 _ - 9.), log(Y.5 - 9p)}]. (A.2) 
A first-order approximation of V{log(y)} yields 

V{log(^Y1 - Y9_-)} 

(- p - 5)2 V(Y9- 
- .5). (A.3) 

A similar quantity can be obtained for the second term 
in (2). So we get 

cov{log(p91 - Y.5), log(Y.5 - 9p)} 
= [cov(ip - Y.5), (9.5 - 9p)] 

+ [(91Y- - y.s)(y.5 - 9,)] (A.4) 
A large-sample approximation of the correlation of pth 
and the sth quantile is given by 

P(P, s) = lp(1 - s) 
Vs(1 - p) ' (A.5) 

which gives 

V(y91 - 9.5) - V(9 p) + V(y.5) 
- 2p(p, .5)[V( _p)V(9.s)] 5, (A.6) 

which leaves V(91 _p) and similar terms to be calculated. 
An estimate of V(9p) can be obtained as 

V(9) _= l[(9 _ 9p)2 + (9 _ 9p_)2], (A.7) 
where 9p+ and 9p_ are quantiles of the sampling distri- 
bution of 9p that lie one standard deviation above or 
below the center of the distribution. Let jp , jp, and j + 
be the interpolated ranks of 9p_, 9p, and 9p+. Now, j, 
the number of observations below yp in a sample of n, 
has a binomial distribution with parameters n and p. 
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Transforming j by an angular transformation (Mosteller 
and Youtz 1961), we obtain 

2V/n sin-I nj + . 1 O < j < n, (A.8) 

which has a nearly Gaussian distribution with mean 0 
and variance 1. We estimate yp by interpolation in the 
order statistic according to yp = yp, where jp = np + 
(1 + p)/3. Inserting jp in the preceding Equation (A.8) 
and with some further assumptions we get 

ap = 2Vn sin-1 j Jp (A.9) 

The .16 and .84 quantiles of the corresponding distri- 
bution on the angular scale lie at ap_ = ap - 1 and ap+ 
= ap + 1, which yield the interpolated ranks. Thus the 
interpolated ranks are jp = (n + 1) sin2(a /2Vn) 
and jp+ = (n + 1) sin2(ap+/2/-n), which are used to 
get yp and 9p+ given by yp = yJ and p+ = yJp+ 
Rank of jp- fpr extreme quantiles may be less than 1, 
making it difficult to describe the behavior of the sam- 

pling distribution of the extreme gp estimates. Sim- 
ilar development applies to calculation of V(9y p), re- 

placing jp+ by n - 1 - jp and jp_ by n + 1 - jp_. 
Finally V(gp) is obtained by putting together the various 
components given by Equations (A.6), (A.3), and 
(A.2). Note that gp estimates are calculated from letter 
values, whereas V(gp) varies across percentiles at 1/2n 

(n = 1, 2, . . . , 10). Hoaglin and Tukey (1989) also 
discussed in detail the degrees of freedom associated 
with V(gp). They gave the degrees of freedom associated 
with the estimated variance as jp+ - jp. 

[Received June 1989. Revised November 1990.] 
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