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Abstract. It is well recognized that the effect of extreme points on systematic risk estimates is not adequately 
captured through least squares estimation. This article uses the reweighted least median squares (RWLMS) approach, 
first proposed by Rousseeuw (1984), which accurately detects outlier presence. Using a large sample of 1350 
NYSE/AMEX finns, the article demonstrates that least squares does indeed mask several potentially influential 
points, that this masking is very pervasive over the sample, and that it may persist even after conventional robust 
estimation techniques are applied. When these masked points are "unmasked" by RWLMS and zero weights 
assigned to such observations, the resulting RWLMS estimates of beta are on average 10%-15 % smaller. However, 
a Bayesian treatment of such points (assigning a priori nonzero weights) is possible in both one and two factor 
market models. 
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I. I n t r o d u c t i o n  

In attempting to understand risk-return relationships, financial economists have long been 
concerned with the accurate measure of  systematic risk (beta). Researchers have studied 
the impact of  stationarity (Sunder, 1980), the issue of nonsynchronous trading (Scholes 
and Williams, 1980; Dimson,  1979) and the impact of interval length on beta (Smith, 1980; 
Handa et al. 1989). In consequence, researchers in finance using the market  model  are 

more careful in adjusting for heteroscedasticity, nonnormality, and serial dependence. While 
applications employing robust estimation methods do appear sporadically in the finance 
literature, least squares is still the most popular model,  despite the well-known inefficiency 
of least squares in the presence of extreme or "aberrant"  data points. 

There are three basic reasons for this. First,  the extent of damage or the loss in efficiency 
that exreme points can cause on the least squares estimates is not well understood. Research- 
ers commonly (and incorrectly) believe that increasing the sample size will  minimize the 
damage. We discuss the concept of breakdown point of estimators in section 2. Second, 
residual analysis is perceived as a method that identifies all discrepant points, while, in 
practice, many such points go undetected due to a phenomenon known as "masking." Third, 
very little empirical  work in financial economics has involved robust methodology, ~ and 
one reason for this may be lack of convenient software for methods that do account for 
extreme points. 

Various alternatives to the Least  Squares (LS) methodology available to researchers in- 
clude Least Absolute Deviation (LAD),  Minimum Sum of Absolute Deviations (MAD),  
and other robust or M-estimators. Comparisons of  the quality of these estimators can be 



6 S.G. BADRINATH AND S. CHATTERJEE 

made in terms of their breakdown points. Intuitively, breakdown points refer to the percent- 
age of "bad" observations in the data before the estimators become unreliable--the higher 
the breakdown point, the more reliable the estimate. Beyond 50% breakdown, it becomes 
impossible to distinguish between "good" and "bad" points. With least squares estimation, 
the asymptotic breakdown point is 0%, implying that even a single observation with a large 
influence can affect the estimate regardless of the sample size. Even with robust M-esti- 
mators, arbitrarily large influences in the independent variable (X-dimension) distort the 
estimates and the breakdown point decreases with sample size. Generalized M-estimators, 
while more reliable, still have a breakdown point below 50% and are cumbersome to imple- 
ment. Large changes in the market index (such as market break of October 1987) can influ- 
ence even such conventional robust estimators. 

In addition to low breakdown, least squares estimation can hide influential points with 
a large or small residual. This phenomenon, known as "masking," occurs when two or 
more points are close together but away from the least squares line. While the two points 
may be jointly influential, with LS, removing one does not reveal the other as an extreme 
point. During periods of increased stock market volatility, such occurrences are undoubtedly 
frequent. Evidence regarding return reversals for individual securities and the documented 
positive correlation in stock market indexes would further suggest that such masked points 
may be prevalent in financial data. 

A thorough detection of outliers leads naturally to the question of their treatment. One 
can argue that such influences may be desirable and that the impact of outliers should not 
always be minimized. Most robust estimation procedures assign weights to extreme points, 
and for purposes of illustration, a zero weight is typically chosen. Any alternative choice 
of weights can always be made based upon information regarding the impact of the extreme 
point. In this sense, a procedure that accurately detects all existing outliers (and allows 
for their inclusion, exclusion, or any a priori weighting), is clearly preferable to one that 
either does not detect all outliers or is always influenced by them. In this spirit, we apply 
a procedure recent to the statistical literature to estimate the systematic risk of common 
stock. It was proposed by Rousseeuw (1984) and elaborated by Rousseeuw and LeRoy (1987) 
and has the highest breakdown point of all estimators currently known. 

First, the results for one small firm and one large firm are analyzed in detail in the con- 
text of the LMS estimator. The month of October 1987 is used to illustrate the differences 
between the LMS and LS. We recognize that choosing a known "aberrant" month may 
not be the best way in which to advocate robust procedures. Our intent is merely to highlight 
the LMS methodology. Moreover, robustness is only one of the features of LMS that we 
study in this article. Next, the article compares LS and LMS estimates for a large sample 
of 1350 firms on the NYSE. These estimates are derived from monthly returns for these 
firms over a 90-month period, July 1980-December 1987. While the 90 months is arbitrary, 
the choice of monthly returns creates a bias against finding outliers, since monthly returns 
are generally accepted as normally distributed. Though we find few extreme points for 
each firm (as expected), we are surprised by the extent to which points are "masked" by 
least squares. Our results indicate that over 50 % of the firms studied are so affected even 
with monthly data. "Unmasking" these effects via LMS then leads to beta estimates that 
are 10 %-15 % lower than those obtained by conventional least squares methods. The analysis 
is replicated with a two-factor (augmented) market model, where an interest rate change 
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variable is introduced in addition to the usual market index return. Outliers are both present 
and masked in both models. With daily data, the results would be considerably more pro- 
nounced. The article thus argues that the LMS procedure provides a general and reliable 
methodology with which to model the irregular data in empirical finance. 

A secondary purpose of this article is to promote a data analytic approach to empirical 
analysis in financial economics. Pioneered by Tukey, Mosteller, and others, such an approach 
can be very revealing about both the data and the model to which the data are fitted. Ap- 
plied work in financial economics relies on summary measures such as R 2 and draws con- 
clusions from classical statistical inference. A data analytic approach where the influence 
of a single observation or a group of observations on calculated summary measures or 
test-statistics are examined is lacking. 2 We believe that such analysis will reveal many inter- 
esting features and remains equally valid for large sample sizes. With the LMS procedure, 
we detect several points whose inclusion or exclusion makes a difference to the results 
and conclusions. Because of the data analytic approach adopted in this article, ample use 
of graphs and tables is made. The point is to let the data tell the whole story rather than 
merely present summary measures and test statistics. 

The contributions of the article are thus twofold: 1) more accurately measuring risk in 
the presence of large and several (some not so easily detected through least squares) outliers 
and 2) establishing the importance of a deeper analysis on the role of single or groups 
of observations. 

2. Breakdown point of estimators 

Consider a simple regression with n data points 

Yi = flO + f l lXi  + e-i (1) 

where Yi and xi are the ith dependent (security price) and independent (market returns) 
variables (i = 1, 2 . . . . .  t), t is the number of observations, t30 and/3~ are the fixed inter- 
cept and slope, and E i are independent an identically distributed random normal variables 
with mean 0 and variance o ~. Let T be a regression estimator. Thus, T(Z) = b where 
b = (b 0, b l ) '  is a regression estimate of fl = (/30, riO', and ' is the transpose operator. 
Now let Z* be a corrupted sample of Z where Z* is obtained by corrupting any m < n 
observations. This is equivalent to allowing a finite number of outliers (local nonstationarity 
is thus permitted) in the data of any magnitude. 

The maximum bias caused by such a contamination is given by 

Bias(m: T, Z) = Sup II T(Z*) - T(Z)II  (2) 
Z* 

where l] [I is usually taken as the Euclidean norm and the supremum is over all perturbed 
samples. The breakdown point of an estimator F(T, Z) is then defined as 

F(T, Z) = min{m/n; Bias(m; T, Z) infinite} (3) 
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In words, it is the smallest fraction of contamination (of any magnitude) that causes an 
estimator to take on an arbitrarily large and different values for the estimator T(Z). 

3. Breakdown point and various estimators 

3.1. Least squares estimation 

Figure la provides a fit by the least squares method in the XY-plane. If point 2 in figure 
la is shifted to the left as in figure lb and the fitted line moved to A'B ', the sensitivity 
of the least squares estimate to aberrant data points becomes apparent. Figure 1 is not drawn 
to scale but merely sketched to illustrate the concept of breakdown. In applications with 
actual data, the outlying points have to be far away for the least squares line in figure lb 
to reverse its slope from that of figure la. Even a single observation with an arbitrarily 
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Figure la. The line AB is the least squares fit through the points 1, 2, 3, 4, and 5. Since the points are collinear, 
all methods of fit produce the line AB. 
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Figure lb. Point 2 in figure la is shifted to the left and the least squares fit is given by A'B'. Thus, a single data 
point distorts the least squares estimate considerably. As long as point 2 can take on arbitrarily large or small 
values, this situation remains true no matter how many "good" points (like 1, 3, 4, 5) are present in the sample. 
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Figure lc. The least squares line is given by A B. Points 3 and 4 are individually influential, while points 1 and 2 
are only jointly (not individually) influential. Points 1 and 2 are said to be "masked." 

large influence will distort the least squares estimates, no matter how many "good" observa- 
tions there are in the sample. The breakdown point for the least squares method is I'(T, Z) 
= 1/n, which goes to zero as n becomes large. In other words, the least squares method 
has an asymptotic 0% breakdown. 

3. 2. Masking in least squares 

In addition to low breakdown, the LS estimate can hide one or more influential points 
with a large or small residual. Figure lc illustrates a situation where points 3 and 4 are 
individually influential. Removing point 1 does not reveal point 2 as a discrepant point 
and vice versa. Points 1 and 2 are said to have a "masking" effect, since neither one is 
individually influential but both are jointly influential. Least squares methodology fails to 
discover such commonly occurring situations. Chatterjee et al. (1991) illustrate the problem 
that masking can present in the estimation of principal directions in multivariate methods 
such as factor analysis. 

3.3. L 1, M, and GM estimation 

The L 1 estimator is obtained by minimizing the sum of absolute deviations (SAD) and is 
given by 3 

Minimize ~lei[ (4) 

However, the L 1 estimator does not improve the breakdown point beyond 0 % and is not 
robust with respect to extreme values for the independent variable (X or factor dimension). 
Figure 2a and 2b illustrate this situation. 

In figure 2a, point 4 is an extreme point in the Y-dimension, but the L1 estimate given 
by AB is not affected by this point. In figure 2b, the extreme point 4 is in the X-dimension 
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Figure 2a. The line AB is a minimum absolute deviation (SAD) or Ll-fit. Point A is discrepant in the Y-dimension 
and does not substantially affect the fit. 
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Figure 2b. The point 4 is shifted to the right and has become a deviant point in the X-dimension. The L~-fit is 
affected drastically. Even a single, large discrepant value affects the fit, pointing to the nonrobustness of such 
an estimator. 

and the L1 estimate is affected drastically. Thus, the finite sample breakdown point for 
L1 regression is also 1/n, which goes to 0 as n becomes large. 4 

M-estimators of Huber  (1981) minimize some convex function of the residuals given by 

Minimize ~(e i )  (5) 
#o, #, 

where ~p is some symmetric convex function with a unique minima. Differentiating state- 
ment (5) with respect to the parameters yields the normal equations 

r,~(ei)x; = 0 (6) 
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where ff = ~o' is the derivative of r with respect to the parameter vector/3, xi = (xi~, 

xi2) ', 0 = (0, 0) '  and xil  = 1 for i = 1, 2, . . . ,  n. In practice, one minimizes some func- 
tion of standardized values of the residuals and the normal equations are given by 

~t~(ri /s)x  i = 0 (7)  

where ri is the least square residual and s is a robust estimate of  the standard deviation 
of the residuals. However, the breakdown point remains 1/n, since the lack of robustness 
with respect to the factor (design) space remains for the M-estimator. Because of the inabil- 
ity of M-estimators to account for outliers in the X-direction, generalized M-estimators 
(GM) were proposed by Mallows (1975), Hill (1977), Krasker and Welsch (1982), and others. 
A GM estimator is given by 

EW(x~),~(r/s)x~ = 0 (8) 

where the influence of the outlying x i is taken into account by the weight function W. Since 
a GM estimator bounds the influence of the outlying observations in X-space, they are called 
Bounded-Influence-Function (BIF) estimators? The problem with GM estimators, from 
a computational viewpoint, is the difficulty of solving the normal equations given by equa- 
tion (8). Finally, simple user-friendly software for BIF estimators are still not easily available. 

3.4. L M S  es t imat ion  

The LMS estimator is given by 

Minimize med e2 (9) 
/30, /3, i 

Rousseeuw and LeRoy (1987) show that the estimates obtained from statement (9) attain 
a breakdown point of 50% irrespective of the number of regressors. At an intuitive level, 
the LMS estimator can be thought as a point that is the center of the smallest sphere (sphe- 
roid) that contains at least 50 % of the observations. A simple example illustrates the LMS 
estimate and its properties. 

Suppose we have a finite set of n points {Yi, xi} that we know is generated from the 
model given by 

Yi = 15o + ~lXi ,  i = 1, 2 . . . . .  n. (10) 

Here/30 and 131 are the true known values and there are no errors in the response variable. 
Clearly any method of estimation will "recover"  the true line. Now, assume we add a 
(n + 1)th data point not generated by model (10) to the original set of points. The assertion 
is that all the estimation procedures discussed here will fail to "recover" the original line 
except LMS. In fact, this assertion continues to be true as long as the number of data points 
added (that do not lie on the line) are at most (n - 1). Conceptually, the LS line weighs 
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each point equally, and thereby a single discrepant point fails to recover the line. On the 
other hand, robust methods give less and less weight as more and more data points are 
added that are more and more extreme. LMS, on the other hand, chooses the m o d a l  plane 
(hyperplane) and is insensitive to the number of regressors and to the magnitudes of the 
extremeness of the observations either in the response or factor space. The modal plane 
is the plane that a majority of the points lie on or are near to. In other words, LMS chooses 
the plane that fits the majority of points, thus giving very little weight to the points that 
do not lie on the hyperplane or are far away from it. 6 

4. Estimation and inference for RWLMS 

Assuming n data points in k explanatory variables, the LMS algorithm proceeds by finding 
those k (k < n) points that minimize the median of the squared residual (note that this 
is not the same as the median of the absolute value of the residuals). This process, however, 
leads to C~ = n ! / k ! ( n  - k)! choices, which for large n and even moderate values of k is 
prohibitively large. Thus a particular version of the algorithm is implemented by taking 
a large number of random subsamples of size k from the data. The objective function given 
by statement (9) is estimated for these generated subsamples. 7 Rousseeuw and LeRoy (1987) 
provide more details about the LMS algorithm. Readers interested in applying the proce- 
dure should contact Rousseeuw and LeRoy directly. 

Actual numerical LMS estimates are inefficient, since they are based on a small number 
of data points. Robustness is achieved at the cost of efficiency. To obtain efficiency and 
thereby to conduct usual statistical tests of significance, Rousseeuw and LeRoy (1987) recom- 
mend a two-step procedure. 

In the first step, one computes the LMS estimates and evaluates the standardized residuals 
after choosing a robust estimate for the standard deviation of the errors. This is done from 
the estimates of the LMS errors. The extreme observations are then flagged by choosing 
a reasonable cut-off rule for the estimated LMS errors. A sensible rule may be to flag 
those points whose standardized residuals are greater than +2.5 or less than -2 .5?  In 
the second step, a set of weights w i  are determined for all the n data points. For our pur- 
poses, these weights are given by 

For all i, w i = 1 if - 2 . 5  < rj < 2.5 and w i = 0 otherwise. 
s 

Here, ri are the LMS residuals and s is a robust estimate of the standard error of ri .9 

The reweighting procedure allows any predetermined choice of weights. We use zero in 
the absence of any information regarding the relevance of the affected observation. For 
other applications, weights may be assigned according to a Bayesian scheme. Parameter 
estimates are then chosen according to the following criteria: 

Minimize r ~  Wi~2i (11) 
8~ 81 
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which is called the reweighted least median squares (RWLMS) method. Note the last step 
uses an ordinary (weighted) least squares algorithm. Once the estimates are obtained from 
statement (11), summary measures (R 2, Durbin-Watson, etc.) and test statistics (t and F 
values) may be calculated in the usual way with the chosen value of w i (=0 for the results 
reported here)? ~ Thus the highly inefficient LMS estimates are used only for flagging outliers 
and influential points, and the efficient RWLMS estimates are used for hypothesis testing 
and confidence intervals. 

When the LS and RWLMS provide different estimates, a question arises: How large a 
discrepancy is large? Are the LS and RWLMS estimates of beta significantly different? 
The quantity I bLs - br~wLMs/Spooll could be taken to be approximately t-distributed with 
(n - 2 - r) degrees of freedom where Spool is obtained from pooling the individual esti- 
mates of the standard error estimates of the slope obtained from LS and RWLMS proce- 
dures and r is the number of data points excluded in the estimation of the standard error 
of regression for RWLMS, SRWLMS. Approximate tests of hypothesis and confidence inter- 
vals can be constructed based on the above statistic. 

5. Applying the RWLMS procedure 

This section applies the RWLMS procedure to actual security returns data for the period 
July 1980 to December 1987 (90 monthly return observations). The chosen time interval 
encompasses a period of rapid increases in stock prices and is particularly relevant to the 
issue of outlier presence and detection. Section 5.1 focuses upon two randomly selected 
firms; one small firm (American Century Corporation) and one large firm (GE). Parameter 
estimates from a number of alternative robust estimation methodologies are compared and 
the RWLMS procedure detailed. Section 5.2 then investigates the characteristics of these 
parameter estimates for a large sample of 1350 NYSE/AMEX firms. 

5.1. Residual  analysis 

The small and large firms were randomly selected from the five largest-sized and smallest- 
sized finns listed on the New York Stock Exchange. For these firms, 90 monthly returns 
(after adjusting for splits and dividends) are obtained from the CRSP tapes for the period 
July 1980 to December 1987. For the microanalysis, we first focus on the month of October 
1987. For each firm, two regressions are run, the first including the October 1987 month 
(full sample) and the second without that month (reduced sample). Results are also presented 
with the CRSP equal-weighted market index. 

Table 1 presents the OLS, LMS, RWLMS (both least median square and the reweighted 
least squares), SAD, and a simple version of the robust estimator called RLINE? 1 Discus- 
sion focuses mostly on the differences between the least squares (LS) and the reweighted 
least median (RWLMS) methodologies. Results for RLINE and SAD provide a more com- 
plete picture for the reader as to how the different methods work on the data set. For the 
large firm, the beta estimates with and without October 1987 (full vs. reduced sample) 
are virtually identical under both LS and RWLMS procedures. Moreover, the estimators 
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Table 1. Summary of beta estimates. 

Value-Weighted Index Equal Weighted Index 

Small Firm Large Firm Small Firm Large Firm 

Full a Reduced b Full a Reduced t' Full a Reduced b Full a Reduced b 

OLS 1.50 1.27 1.06 1.05 1.62 1.50 0.95 0.96 
LMS 0.93 0.97 1.27 1.18 2.05 1.75 1.17 1.16 
LMS(RW) 1.17 1.17 1.08 1.08 1.66 1.43 0.99 1.01 
SAD 1.46 1.13 1.07 1.14 1.61 1.40 1.00 1.05 
RLINE 1.39 1.32 1.08 1.09 1.55 1.55 0.96 0.97 

aFull sample is 90 monthly observations (July 1980-December 1987). 
bReduced sample is 89 monthly observations (excluding October 1987). 

Note: The entries represent beta estimates for a large firm (GE) and a small firm (American Century Corp.) 
The estimates are calculated for least squares (LS), least median squares (LMS), reweighted LMS (RWLMS), 
minimum sum of absolute deviation (SAD) and a robust method (RLINE). 

have similar magnitudes. Clearly, for the large firm, the market crash of 1987 does not 
seem to be much of an outlier. However, for the small firm, LS estimates are significantly 
impacted by October 1987. The full sample estimate is 1.504, and the reduced sample esti- 
mate is 1.272. Clearly, the LS estimate is sensitive to the October 1987 observation in this 
case. However, RWLMS results remain unaffected by this observation. The estimated value 
is 1.17 for both the full and reduced samples. Figure 3 presents a graph of the fitted regres- 
sion line under both models and the LS line clearly dips in the direction of the outlying 
observation. 

Regressions using the CRSP equal-weighted index provide comparable estimates for the 
LS and RWLMS models. The influence of October 1987 is similar for the two models as 
well. The estimates of the slope change considerably for both the full and the reduced set 
by the two methods. The October 1987 data point is neither an outlier nor an influential 
point by either method; this is perhaps merely a consequence of the wider dispersion in 
the equal-weighted index. 

A more detailed analysis of model behavior in the presence of outliers is then carried 
out by examining the standardized residuals for the two models. Recall that an outlier is 
defined as any observation whose standardized residual (SR) is beyond 12.51. Table 2 reports 
the standardized residuals for the small firm under the different models. 

The first three columns provide the date (month and year), returns for the value-weighted 
index, and the small finn. Standardized residuals that exceed 12.5b are highlighted. Residuals 
on dates 83-1, 83-4, 86-4, 86-7, and 87-10 are outliers by the least median (and also reweighted 
least median) squares methods. The least squares standardized residuals for these points 
are 1.78, 2.12, 2.38, -2.20,  and -1.35, respectively. These five points are "masked" by 
the least squares method. At the same time, all points detected as aberrant by least squares 
are detected by LMS. The October 1987 observation is not classified as an outlier (SR = 
-1.35) by the LS procedure, while the RWLMS procedure reports an SR-value of 2.72 
for this observation. Three other observations are reported by LS to have even higher SR 
values than the October 1987 observation. By contrast, the RWLMS procedure identifies 
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Figure 3. The scatter of points are monthly returns of the small firm with the corresponding returns on the CRSP 
value-weighted index. The estimated least squares and least median squares lines are also shown. It is apparent 
that the estimated value of the slope is different for the two methods. The October 1987 data point is marked by an X. 

seven other such observations. To provide a visual representation of the data, the standard- 
ized residuals are plotted in figures 4a and 4b. It is important to recognize that residual 

analysis with the LS procedure does not identify all the outliers present in the data. lz,'3 

5.2. Results for  the one-factor model 

This section applies the RWLMS procedure to a large sample of NYSE/AMEX firms. For 
inclusion in the sample, firms were required to have no missing monthly returns over the 
time period July 1980 to December  1987. The sample was also divided into three equal 
groups on the basis of f irm size at the beginning of the period. '4 The specific issues that 
were examined are 1) the extent of masking by least squares in the data, and 2) the differ- 

ences in parameter  estimates caused by masking. 
Table 3 presents information pertinent to masking by least squares: results are presented 

in terms of  the percentage (and the number) of sample firms for which least squares failed 
to detect (i.e.,  masked) at least one observation. The first feature that emerges is the per- 
vasiveness of  masking in the sample. For the SR < - 2 . 5  level, about 49% (661/1350) 
of the sample firms are seen to have at least one masked point; approximately 9% of the 
sample firms have three or more masked points. A slightly larger proportion of small-sized 
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Table 2. Returns and standardized residuals for the small firm. 

Monthly Returns Standardized Residuals 

Year/Month VW-Index a Small b LS c LMS d RWLMS e Weights f 

80-7 0.069 0.000 -0.61 -0.28 -0.57 1 
80-8 0.020 0.018 O. 12 0.43 0.28 1 
80-9 0.029 0.070 0.43 0.92 0.75 1 
80-10 0.020 -0.033 -0.28 -0.13 -0.30 1 
80-11 O. 108 0.081 -0.43 0.23 -0.17 1 
80-12 -0.034 0,032 0.88 1.15 1,15 1 
81-1 -0.044 0.000 0.75 0.90 0.92 1 
81-2 0.018 O. 139 1.11 1.80 1.68 1 
81-3 0.043 0.081 0.35 0.90 0,69 1 
81-4 -0.016 -0.050 0.02 0.05 -0.01 1 
81-5 0.008 0.013 0.23 0.50 0,38 1 
81-6 -0.008 -0.133 -0.75 -0.96 - 1.07 1 
81-7 0.001 0.000 0.21 0.43 0.33 1 
81-8 -0.056 -0.076 0.29 O. 18 0.22 1 
81-9 -0.056 -0,082 0.23 O. 10 O. 15 1 
81-10 0.057 0,071 O. 10 0.64 0.39 1 
81-11 0.046 -0,050 -0.73 -0.60 -0.84 1 
81-12 -0.028 0,078 1.17 1.60 1.59 1 
82-1 -0.022 0,099 1.28 1.77 1.76 1 
82-2 -0.049 -0.105 -0.02 -0.22 -0.20 1 
82-3 -0.008 -0.027 O. 11 0,23 O. 15 1 
82-4 0.042 -0,069 -0.84 -0.77 - 1.01 1 
82-5 -0.023 -0.037 0.27 0.33 0.31 1 
82-6 -0.020 -0.115 -0.47 -0.65 -0.71 1 
82-7 -0.021 -0.109 -0.40 -0.56 -0.62 1 
82-8 0.125 0.171 0.08 1.04 0.62 1 
82-9 0.013 0.104 0.90 1.48 1.36 1 
82-10 0.116 0.245 0.79 1.98 1.59 1 
82-11 0.047 0.046 0.02 0.46 0.23 1 
82-12 0.016 -0.073 -0.56 -0.54 -0.70 1 
83-1 0.037 0.250 1.78 2.86 2.70 0 
83-2 0.023 0.000 -0.12 0.15 0.03 1 
83-3 0.033 0.088 0.52 1.07 0.89 1 
83-4 0.072 0.345 2.12 3.55 3.31 0 
83-5 0.004 0.086 0.86 1.36 1.27 1 
83-6 0.038 0.095 0.52 1.10 0.91 1 
83-7 -0.030 0.302 3.01 4.14 4.19 0 
83-8 0.012 -0.146 -1.10 -1.33 - 1.50 1 
83-9 0.018 -0.078 -0.61 -0.61 -0.78 1 
83-10 -0.018 0.137 1.54 2.16 2.14 1 
83-11 0.026 0.102 0.73 1.31 1.16 1 
83-12 -0.008 -0.092 -0.42 -0.51 -0.61 1 
84-1 -0.009 -0.028 0.10 0.22 0.14 1 
84-2 -0.037 -0.162 -0.63 -0.99 - 1.02 1 
84-3 0.017 0.000 0.02 0.27 0.12 1 
84-4 0.005 -0.091 -0.57 -0.63 -0.77 1 
84-5 -0.051 -0.088 0.14 0.00 0.03 1 
84-6 0.023 -0.110 -0.94 - 1.03 - 1.22 1 
84-7 -0.016 -0.108 -0.45 -0.60 -0.68 1 
84-8 0.111 0.241 0.81 1.98 1.61 1 
84-9 0.002 0.111 1.09 1.66 1.58 1 
84-10 0.003 -0.213 -1.52 -1.98 -2.13 1 



SYSTEMATIC RISK ESTIMATION IN THE PRESENCE OF LARGE AND MANY OUTLIERS 17 

Table 2. (Continued). 

Monthly Returns Standardized Residuals 

Year/Month VW-Index a Small b LS c LMS d RWLMS e Weights f 

84-11 -0.009 0,016 0.46 0.72 0.65 1 
84-12 0.025 -0.157 -1.34 -1.57 -1.78 1 
85-I 0.080 0.407 2.53 4.18 3.93 0 
85-2 0,017 0,013 0,13 0.41 0.27 1 
85-3 -0.000 -0,078 -0.40 -0.43 -0.54 1 
85-4 -0.003 -0.042 -0,09 0.00 -0.11 1 
85-5 0.056 0,088 0.22 0.82 0.56 1 
85-6 0.017 -0.081 -0,64 -0.65 -0.82 1 
85-7 -0.004 -0,147 -0.92 - 1.17 - 1.29 1 
85-8 -0.005 -0.052 -0.14 -0.09 -0.19 1 
85-9 -0.034 -0.090 -0.07 -0.20 -0.21 1 
85-10 0.045 -0.140 - 1.44 - 1.60 - 1.85 1 
85-11 0.069 -0.093 -1.36 - 1.32 - 1.64 1 
85-12 0.046 0.051 0.08 0.54 0.32 1 
86-1 0.007 0.073 0.72 1.18 1.08 1 
86-2 0.074 0.000 -0.67 -0.33 -0.65 1 
86-3 0.056 0.090 0.28 0.88 0.63 1 
86-4 -0.013 0.250 2.38 3.38 3.37 0 
86-5 0,052 0.033 0.13 0,28 0.03 1 
86-6 0.015 -0.161 -1.26 - 1.53 - 1.70 1 
86-7 -0,055 -0.385 -2.20 -3.30 -3.32 0 
86-8 0,073 0.016 -0.54 -0.15 -0.46 1 
86-9 -0,077 -0.108 0.32 0.06 0.17 1 
86-10 0,050 0.069 0.12 0.65 0.41 1 
86-11 0,019 0.032 0.26 0.61 0.46 1 
86-12 -0,027 -0.062 0.04 0,02 -0.02 1 
87-1 0.123 0,033 -1.06 -0.53 -0.99 1 
87-2 0.041 0.000 -0.27 0.01 -0.21 1 
87-3 0.025 -0.065 -0.59 -0.54 -0.73 1 
87-4 -0.015 -0.138 -0.71 -0.95 -1.04 1 
87-5 0.006 0.160 1.43 2.17 2.08 1 
87-6 0,048 0.000 -0.36 -0.06 -0.30 1 
87-7 0.047 0,104 0.49 1.11 0.89 l 
87-8 0.034 -0.016 -0.35 -0.12 -0.33 1 
87-9 -0.021 -0.270 -1,69 -2.37 -2.46 1 
87-10 -0.216 -0.522 -1.35 -3.15 -2.72 0 
87-11 -0.076 -0.091 0.40 0.21 0.31 1 
87-12 0.069 -0.350 -3.41 -4.20 -4.57 0 

aMonthly returns to the CRSP value-weighted index, dStandardized least median square residuals. 
bMonthly returns for the small firm (American Century eStandardized least median reweighted residuals. 

Corporation). fWeights for each reweighted observation. Outliers are 
cStandardized least squares residuals, assigned zero weight. 

Note: The first three columns represent the date (month and year), monthly returns on CRSP value-weighted 
index (NYSE), and returns to a small firm (American Century Corp.). The fourth, fifth, and sixth columns are 
standardized residuals from least squares (LS), least median squares (LMS), and reweighted LMS (RWLMS), 
respectively. The last column gives the weights assigned to each point during the reweighting process. A data 
point is assigned a weight of 1 if its LMS residual is less than 12.51 and a weight of 0 otherwise. Standardized 
residuals with weights of zero are highlighted. Points with dates 83-1 and 83-4 are outliers only by the LMS 
method and are masked by the "LS" procedure. 
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Figure 4a. A time plot of standardized least squares residuals obtained from regressing monthly returns for the 
small firm with the CRSP value-weighted index. The outliers denoted by ~ have values larger than 2.5 or less 
than -2.5. Thre are only two or at most three outliers in this plot. 

firms have more masked observations, making least squares estimates of systematic risk 
even more unreliable. On the positive side, when one considers points masked at the SR > 
+2.5 level, the degree of  masking is even more striking. Seventy percent (950/1350) of 
the sample firms have at least one masked point, with 32.22% of the firms have three or 
more such points. Small firms typically have more masked points than large firms. However, 
even for firms in the largest-sized group, 15%-20% of the sample firms having at least 
one observation masked by least squares. '5 Note that although it appears that relatively 
few points are being masked, the surprising result is that such masking is very widespread 
across firms. 

The pervasive nature of  masking in least squares leads directly to the issue of how param- 
eter estimates are affected. Since RWLMS correctly "unmasks" one or more points for a 
majority of the sample firms, the shift in the magnitudes of the parameters is likely to be 
large. Without a clear procedure for treating outliers, a meaningful comparison of this shift 
is difficult. In our analysis, in the absence of any information regarding the impact of an 
outlier, zero weights are arbitrarily assigned to each such observation. Column 5 in table 4 
presents information pertaining to beta changes between the LS and RWLMS procedure. 
If  one or two points are masked by LS, RWLMS (with zero weights attached to these un- 
masked points) are 5 %-10 % lower than corresponding LS estimates. For firms where LS 
fails to detect three or more extreme points, the beta changes are in the order of 15 %-17 %. 



SYSTEMATIC RISK ESTIMATION IN THE PRESENCE OF LARGE AND MANY OUTLIERS 19 

03 
d 

r ~  

bU 
r r  

03 

. J  

r r  

s 
uJ 
N 

c r  
< 

Z 
,< 

O9 

5 

4 

3 

2 

1 

0 

-1 

-2 

-3 

-4 

-5 

STANDARDIZED RWLMS - RESIDUALS (SMALL) 

/X 

/X 

A 

/X 
/x 

[ ]  [ ]  

[] [ ]  [ ]  
0• [] [] [] [] [] [] [ ]  [] 

[] ~ [] [] (~D [] 

D D [] D DDD [] [] [] [] [ ]  O [ ]  D [ ]  [ ]  
[ ]  [ ]  

[ ]  

[] 

/ k  

zk 

D 
. . . . . . . . .  I . . . . . . . . . .  I . . . . . . . . . .  I . . . . . . . . . .  I . . . . . . . . . .  I . . . . . . . . .  '1 . . . . . . . .  ' ' 1 ' ' ' '  . . . . .  '1 

0-7 81-6 82-5 83-4 84-3 85-2 86-1 86-12 87-11 

DATES 
[] STD. RWLMS RESIDUAL A OUTLIERS 

Figure 4b. A plot of the standardized reweighted least median residuals obtained by regressing monthly returns 
for the small firm with the CRSP value-weighted index. The 12.5[ bounds are shown by the two horizontal lines, 
and outliers are marked with a ~. There are eight discrepant points compared to the three in figure 4a. Least 
squares estimation has masked the other five points. 

Figures 5a and 5b provide bar charts arranged according to these percentage differences 
in beta estimates between the LS and RWLMS procedures. While the majority of the changes 
are in the range of - 3 0 %  to +30%,  there are approximately 60 firms with beta changes 
of over - 5 0 % ,  suggesting that masking by least squares is substantial enough to warrant 
the investigation of other corrective procedures. 

A possible source of concern is that RWLMS beta estimates are, on the average, smaller 
than LS estimates. One reason for this result is that the masked points detected by RWLMS 
for a majority of sample firms are assigned zero weights in obtaining RWLMS estimates. 
A second related reason stems from the sample period chosen. The decade of the 1980s 
was characterized by large upwards movement in stock prices. As table 3 itself suggests, 
more firms have positive residuals (70%) than negative ones (49%). Such observations, 
masked by LS, are likely to increase the slope of the least squares line. With RWLMS, 
such points are correctly recognized as outliers and are assigned a zero weight in our analysis, 
thereby making RWLMS estimates typically smaller than LS estimates. 

We view these results regarding beta changes merely as illustrative. For analysts, detec- 
tion of al l  outliers is more critical, and this is where RWLMS procedure is potentially 
useful. Once all such points are identified, they can be weighted according to the analyst's 
judgment of their importance while implementing the RWLMS method. 
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Table 3. Percentage of sample firms affected by masking in least squares (total firms in sample = 1350). 

Average Percent Diff 
Low Size Medium Size High a Size Totals in betas 

(1) (2) (3) (4) (5) 

Panel A: Masking of outliers 

One point 
masked 

Two points 
masked 

Three or more 
points masked 

Totals 

Panel B: Masking of outliers 

One point 
masked 

Two points 
masked 

Three or more 
points masked 

Totals 

with std. residuals < -2 .5  

10.7 8.2 8.7 27.6 -9.6% 
(145) (110) (117) (372) 

4.2 4.0 4.3 12.5 -8.9% 
(56) (54) (58) (168) 

3.6 2.9 2.5 9.0 -17.2% 
(48) (39) (34) (121) 

18.4 15.0 15.5 49.0 
(249) (203) (209) (661) 

with std. residuals > +2.5 

5.9 7.6 8.4 21.9 -4.3% 
(79) (102) (114) (295) 

5.6 5.9 4.7 16.3 -7.0% 
(76) (80) (64) (220) 

16.5 9.0 6.8 32.2 -15.0% 
(222) (121) (92) (435) 

27.9 22.5 20.0 770.4 
(377) (303) (270) (950) 

aFirm size is measured by the market value of equity in July 1981, the beginning of the sample period. There 
are an equal number of firms in each size group. 

Note: Entries represent the percentage of the 1350 sample finns masked by least squares. Figures in parentheses 
are the number of affected firms. One masked point implies an outlier detected by RWLMS that was not detected 
by LS. Over 48% of the sample firms have at least one masked point with SR < -2.5,  while 70% of the finns 
have at least one masked point with SR > +2.5. Masking by least squares is very widespread. RWLMS beta 
estimates are typically 5 % to 15 % less than LS estimates, and the difference is larger if more points are masked. 
The difference is at least partly due to the assignment (by RWLMS) of zero weight to detected outliers. 

5.3. Results for the two-factor model 

This section uses a two-factor model to illustrate the capabilities of the RWLMS procedure. 
Since the stock returns of some firms are affected by unanticipated changes in interest rate 
and since extreme changes in this variable can potentially influence the quality of conven- 
tional systematic risk estimates, the inclusion of such a variable is of considerable interest. 
Sweeney and Warga (1986) investigate the sensitivity of stock returns to unanticipated changes 
in interest rates and find that of all industry groups, the utilities industry is the most sensitive 
to unanticipated interest rate changes. 16 In keeping with their analysis (equation 1, page 395 
of Sweeny and Warga), the following two-factor model (augmented market model) is used: 

Rit = ~it + ~iRmt "+" F iAI t  + ~t, (12) 
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Table 4. Percentage of sample finns affected by masking in least squares using a two-factor model (total firms 
in sample = 1350). 

Average Percent Diff 
Low Size Medium Size High ~ Size Totals in betas 

(1) (2) (3) (4) (5) 

Panel A: Masking of outliers 

One point 
masked 

Two points 
masked 

Three or more 
points masked 

Totals 

Panel B: Masking of outliers 

One point 
masked 

Two points 
masked 

Three or more 
points masked 

Totals 

with std. residuals < -2.5 

11.1 8.9 9.8 29.8 -9.5% 
(150) (120) (132) (402) 

4.2 3.4 4.4 11.9 -10.6% 
(56) (46) (59) (161) 

3.8 3.7 2.6 10.1 -16.7% 
(51) (50) (35) (136) 

19.0 16.0 16.5 51.8 
(257) (216) (226) (699) 

with std. residuals > +2.5 

6.3 7.5 8.6 22.4 -4.1% 
(85) (101) (116) (302) 

6.3 5.3 4.0 15.6 -8.9% 
(85) (71) (54) (210) 

16.4 9.3 6.4 32.2 -15.4% 
(222) (126) (87) (435) 

29.0 22.1 19.0 70.1 
(392) (298) (257) (947) 

aFirm size is measured by the market value of equity in July 1981, the beginning of the sample period. There 
are an equal number of firms in each size group. 

Note: Entries represent the percentage of the 1350 sample firms masked by least squares using a try-factor model. 
Figures in parentheses are the number of affected firms. One masked point implies an outlier detected by RWLMS 
that was not detected by LS. Over 50% of the sample firms have at least one masked point with SR < -2.5, 
while 70% of the firms have at least one masked point with SR > +2.5. Masking by least squares is very widespread. 
RWLMS beta estimates are typically 5% to 15% less than LS estimates, and the difference is larger if more 
points are masked. The difference is at least partly due to the assignment (by RWLMS) of zero weight to detected 
outliers. 

w h e r e  Rit and  Rmt are  the  m o n t h l y  ra tes  of  r e tu rn  on  the  re levant  f i rm/por t fo l io  and  the  

C R S P  va lue-weigh ted  m a r k e t  index,  A/t ,  is the  m o n t h l y  c h a n g e  in the  y ie ld  on  one-year  

T-bills. 17 T h e  m o d e l  is f i t ted to every  ind iv idua l  f i rm  in the  sample ,  and  aggrega te  statist ics 

on  the  p r e s e n c e  of  m a s k i n g  in the  two-factor  case  a re  r epo r t ed  in table  4. M a s k i n g  is seen 

to be  as w i d e s p r e a d  in the  two-factor  case  as in the  one- fac tor  mode l .  M a s k i n g  appea r s  

at  bo th  ex t remes ,  wi th  70% of  the  f i rms  showing  at leas t  one  m a s k e d  po in t  ( s tandard ized  

res idual  g rea t e r  than  + 2 . 5 )  and  a b o u t  50% of  the  f i rms  d isp laying  at leas t  one  m a s k e d  

po in t  (at  s t andard ized  res idua l  be low - 2 . 5 ) .  

To focus more  closely o n  interest  rate sensitivity, bo th  the one-factor  and  two-factor models  

are fi t ted to a por t fo l io  o f  all  142 ut i l i t ies  in  the  sample .  Table  5 p resen t s  these  results .  

For  the one-factor  case, bo th  LS and  R W L M S  show identical  es t imates  of  r i sk  (beta).  Whi l e  
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Figure 5a. Bar chart representing percentage differences in beta estimates ((RWLMS - LS)/LS) for firms with 
at least one masked point. In this graph, masking implies that RWLMS detected at least one observation with 
a standardized residual of < -2.5 that LS did not find. Beta differences are as large as -30% in some cases. 
Typically, RWLMS estimates are less than the corresponding LS estimates, perhaps as a consequence of the chosen 
sample period. 

this seems surprising, note that the aggregation implicit  in forming an equal-weighted port- 
folio of utility firms makes the detection of extreme points much less likely. However, for 
the two-factor model,  even with an equal weighted portfolio, extreme values in the interest 
rate change variable (where there is no aggregation) will influence parameter  estimates. 

The two-factor model results in table 5 confirm that this is indeed so. Interest rate changes 

are negatively and significantly linked to the monthly utility portfolio return under both 
the LS and RWLMS procedures. Adding this variable increases the explanatory power of 
both regressions. Beta estimates are also substantially affected, with an LS estimate for 
beta of 0.49 and an RWLMS estimate for beta of  0.38. This decrease would suggest that 
the cost of capital for the utility industry is lower than a traditional one-factor analysis 
would imply. Note that this model does not directly address the issue of whether interest 
rate risk is priced. We use it merely to highlight the application of the RWLMS procedure. 

5.4. Results for January and 1986 crash data 

This article also investigates the outlier detection ability of LS and RWLMS by examining 
the standardized residuals for January months and for October 1987. Table 6 presents these 
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Figure 5b. Bar chart representing percentage differences in beta estimates ((RWLMS - LS)/LS) for finns with 
at least one masked point. In this graph, masking implies that RWLMS detected at least one observation with 
a standardized residual of > +2.5 that LS did not find. In some cases, beta differences are large. 

Table 5. Parameter estimates for the one- and two-factor models with LS and RWLMS. 

LS RWLMS 

c~ /3 3' R2 c~ /3 3' R 2 

One-factor .008 .514 .55 .008 .574 .55 
model (3.3) (10.5) (3.3) (10.5) 

Two-factor .008 .491 -1.35 .65 .013 .384 -1.59 .60 
model (3.8) (11.2) (-4.8) (5.7) (7.7) (-5.9) 

Note: Results for a portfolio of 142 utilities for LS and RWLMS for both one-factor and two-factor market models 
(July 1980-1987). 

results. Al though  few of the sample  f i rms  have out lying points  for January months  (SR > 

+2 .5 ) ,  the table indicates that, re lat ive to LS, the R W L M S  procedure  identifies twice (and 

often three t imes) as many f irms as having out lying points for any January. Again,  for Octo- 

ber  1987, LS identifies only 23 f i rms with SR < - . 2 5 ,  whi le  R W L M S  correc t ly  identifies 

163 f i rms as having out lying points. As Thomson  (1989) documents ,  systematic errors  in 

pr ices recorded  at the turn of  the ca lendar  year  may contr ibute  the January effect. Our  
results suggest that masking of  these outliers by LS is more  severe than previously reported 

in the literature. 
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Table 6. Number of firms with outliers for January months or for the month of October 1987 (total sample firms 
= 1350). 

Average beta 
No. of Firms No. of Firms 

Month Detected by OLS Detected by RWLMS a OLS RWLMS 

Jan-81 b 46 105 0.97 0.95 
Jan-82 20 40 0.92 0.85 
Jan-83 42 115 1.11 0.95 
Jan-84 13 49 0.97 0.84 
Jan-85 32 81 1.16 0.92 
Jan-86 20 54 1.00 0.89 
Jan-87 17 64 1.13 0.80 
Oct-87 c 23 163 0.90 0.55 

aFor each month, the reported number represents an average beta for those firms whose outliers are detected 

by RWLMS for that month. 
bFor each January, observations with SR values > +2.5 are classified as outliers. 
CFor the month of October 1987, observations with SR values less than -2.5 are classified as outliers. 

Note: The table displays the number of finns with outlying observations due to the month of January or due 
to October 1987. RWLMS detects almost twice as many affected finns in most cases. With RWLMS, average 
betas for the affected finns are different from LS, since all outliers detected by RWLMS are assigned zero weight 
in the absence of prior information. 

6. Summary and conclusions 

This article critically examines the least squares regression and residual analysis in estimat- 
ing systematic risk parameters from the market model when outliers are present in the 
data. It applies a superior (and robust) estimation technique in the reweighted least median 
squares (RWLMS) approach. In addition to robustness, RWLMS identifies all discrepant 
points in data. 

The power of the RWLMS approach is demonstrated using monthly data on a large sam- 
ple of NYSE firms over the period July 1980 to December 1987. A comparison of LS and 
RWLMS procedures indicates that a large number of outlying return observations present 
in the data are "masked" (remain undetected) by least squares. About 50% of the sample 
firms have at least one masked point. Identifying these points and estimating systematic 
risk parameters via RWLMS results in estimates that are about 10%-15 % lower than the 
LS estimates. We believe that identifying such a larger number of "masked" points in 
monthly data is indeed surprising. With daily data where nonnormality is a more pressing 
concern, masking must be even more pervasive. 

We feel that the RWLMS results can significantly improve the quality of the systematic 
risk estimates obtained from the market model, and can do so with relatively little comput- 
ing cost. In addition to detecting all outlying observations, the RWLMS procedure provides 
a much greater degree of flexibility with regard to their treatment. Outlying observations 
that a priori can influence a firm's systematic risk (once determined by LMS) can be weighted 
accordingly before a least squares procedure is instituted. Given the importance of accurate 
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risk estimation for a variety of financial applications, it seems clear that such a procedure 
for outlier detection and adjustment should be incorporated into empirical analysis. 
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Notes 

1. Brown and Warner (1985) uses LAD-estimators in an event-study context and find little appreciable improve- 
ment. However, their simulation design did not explicitly consider the sensitivity of such estimators to the 
X-dimension. 

2. Evidence that such an approach is beneficial can be inferred from Thomson (1989), who shows market con- 
ditions around the turn of the year can result in systematic errors in recorded prices. 

3. The estimator in statement (4) is also known as the Minimum Absolute Deviation (MAD) or Least Absolute 
Residual (LAR). 

4. Other estimators belonging to the LAD-family are the minimax estimator of Chebychev, where the maximum 
of the residuals is minimized. Arthanari and Dodge (1983) give a coherent treatment of the Ll-family of 
estimators. 

5. For some work on the optimal choice of ~b, see Hampell (1978) and Krasker and Welsch (1982). 
6. Because of this property, discrepant points do not have any effect on the least median squares estimates, 

and hence residuals remain uncorrupted. Thus, detection of influential points is a one-pass strategy in LMS. 
Correspondingly, with the least squares methodology one has to detect one data point at a time in order to 
detect aberrant data points. In the presence of multiple such points, two or more points may need to be deleted 
at one time. Thus, implementing the procedure is computationally cumbersome and practically infeasible. 

7. In this way, the LMS algorithm is computer intensive and very much in the spirit of Efron's bootstrap and 
Tukey's projection pursuit methods. BIF and other robust estimators are not only computer intensive but 
computationally complex, whereas the LMS is just computer intensive. Since computing is cheap, LMS, 
over and above its robustness property, is also easy to implement. 

8. The choice of a cutoff value of +2.5 is arbitrary. For specific applications, other cutoff values may be chosen. 
9. Typically, s 2 is computed as the median of the squared residual multiplied by a factor to make it comparable 

to the Gaussian density. In particular, we choose 

s = 1.482611 + n 5_ 21 ~f ~miedri~ 

10. It must be noted that this way of calculating summary measures and test statistic is also done with M or 
GM estimators (Holland and Welsch, 1977). 

11. The resistant line (R-line) fits a straight line to the X-Ydata using a method that is resistant to outliers. The 
procedure first partitions the data into three groups: those with low X-values, middle X-values and high X- 
values. The resistant line is then the line that makes the median residual in the left portion equal to the median 
residual in the right portion. Wald (1940), Bartlett (1949), and Brown and Mood (1951) and others have pro- 
posed similar methods. An elegant summary of robust-resistant lines with a single explanatory variable is 
available in Emerson and Hoaglin (1983). 

12. As a check on the efficacy of the two procedures, we estimated both LS and RWLMS models after removing 
all the eight outliers detected by RWLMS procedure. The results were identical, with an estimated beta of 
1.17 in both cases. 
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13. For the large firm, only one outlier was identified, and both LS and RWLMS find it. 
14. Recognizing that firm values may change over the sample time period, the results were also replicated using 

firm size estimates from the end of the period (December 1987) rather than the beginning. The results were 
essentially the same. 

15. If one tightens the criterion for outliers to S R values exceeding 12.01 instead ofl2.51, masking is even more 
predominant. 

16. We thank an anonymous referee for this suggestion. 
17. Monthly yields on one-year T-bills are obtained from the Fama-Bliss files. Sweeney and Warga (1986) use 

several measures of interest rate change with little qualitative differences. 
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